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Relations and Functions

Top Concepts in Relations

1.

Introduction to Relation and no. of relations

e  Arelation R between two non-empty sets A and B is a subset of their Cartesian product A x B.

e If A =B, then the relation R on A is a subset of A x A.

e  The total number of relations from a set consisting of m elements to a set consisting of n elements is
2mn,

e If(a, b) belongs to R, then a is related to b and is written as ‘a Rb’. If (a, b) does not belong to R, then a
is not related to b and it is written as ‘a R b'.

Co-domain and Range of a Relation

Let R be a relation from A to B. Then the ‘domain of R'c A and the ‘range of R'<B. Co-domain is either set
B or any of its superset or subset containing range of R.

Types of Relations

A relation R in a set A is called an empty relation if no element of A is related to any element of A, i.e,
R=¢cAxA.

A relation R in a set A is called a universal relation if each element of A is related to every element of A, i.e.,
R=AxA.

Arelation R on a set A is called:

a. Reflexive, if (a,a) € Rforeverya € A.

b. Symmetric, if (a1, az) € R implies that (az, a1) € R for all a1, az € A.

c. Transitive, if (a1, az) € R and (az, as) € R implies that (al, a3) € R for all a1, az, az € A.

Equivalence Relation

e Arelation Rin a set A is said to be an equivalence relation if R is reflexive, symmetric and transitive.

e  An empty relation R on a non-empty set X (i.e., ‘a R b’ is never true) is not an equivalence relation,
because although it is vacuously symmetric and transitive, but it is not reflexive (except when X is also
empty).

Given an arbitrary equivalence relation R in a set X, R divides X into mutually disjoint subsets S; called

partitions or subdivisions of X provided:

a. All elements of S, are related to each other for all i.

b. No element of Si is related to any element of Stifi #j.

c.  |JS, =Xands NS, = gifi=].
i=1

The subsets St are called equivalence classes.

Union, Intersection and Inverse of Equivalence Relations

a. IfRand S are two equivalence relations on a set A, R N S is also an equivalence relation on A.

b.  The union of two equivalence relations on a set is not necessarily an equivalence relation on the set.

c¢. Theinverse of an equivalence relation is an equivalence relation.
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Top Concepts in Functions

1. Introduction to functions

A function from a non-empty set A to another non-empty set B is a correspondence or a rule which
associates every element of A to a unique element of B written as f: A - B such that f(x) =y forallx € A,y
€ B.

All functions are relations, but the converse is not true.
2. Domain, Co-domain and Range of a Function

e Iff:A — Bis a function, then set A is the domain, set B is the co-domain and set {f(x) : x € A) is the
range of f.

e  The range is a subset of the co-domain.

e A function can also be regarded as a machine which gives a unique output in set B corresponding to
each input from set A.

° If A and B are two sets having m and n elements, respectively, then the total number of functions from
AtoBisnm

3. Real Function
e Afunctionf: A — Bis called a real-valued function if B is a subset of R.
° If A and B both are subsets of R, then 'f" is called a real function.

e  While describing real functions using mathematical formula, x (the input) is the independent variable
and y (the output) is the dependent variable.

e  The graph of a real function ‘' consists of points whose co-ordinates (X, y) satisfy y = f(x), for all x €
Domain(f).

4, Vertical line test

A curve in a plane represents the graph of a real function if and only if no vertical line intersects it more
than once.

5. One-one Function

e Afunctionf: A - Bisone-to-oneifforallx,y € A, f(x) =f(y) @ x=yorx 2y = f(x) £ f(y).

e A one-one function is known as an injection or injective function. Otherwise, f is called many-one.
6. Onto Function

e Afunctionf: A — B is an onto function, if for each b € B, there is atleast one a € A such thatf(a) = b, i.e,,
if every element in B is the image of some element in A, then f is an onto or surjective function.

e  For an onto function, range = co-domain.
e A function which is both one-one and onto is called a bijective function or a bijection.

e A one-one function defined from a finite set to itself is always onto, but if the set is infinite, then it is
not the case.

7. Let A and B be two finite sets and f: A — B be a function.
e Iffis aninjection, thenn (A) <n (B).
e Iffisasurjection, then n(A) = n(B).
e Iffis abijection, then n(A) =n(B).
8. If A and B are two non-empty finite sets containing m and n elements, respectively, then Number of

functions from A to B = nm.

"C_xm!, ifnz=m
e Number of one-one function fromAtoB = m X )
0, if n<m
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10.

11.

12.

13.

. (1) "Crm, ifmz=n
e  Number of onto functions from AtoB = g( ) r

0, if m<n

n!, if m=n

e  Number of one-one and onto functions fromAto B = )
0,ifm=n

If a function f: A — B is not an onto function, then f: A — f(A) is always an onto function.
Composition of Functions

Letf: A— Bandg: B — C be two functions. The composition of

fand g, denoted by g o f, is defined as the functiongo f: A - C £
and is given by g o f(x): A— C defined by go f(x) = g(f(x)) V x € g
A c

e  Composition of fand g is written as go fand notfo g.

e go fis defined if the range of f < domain of g, and f o g is CA 4
defined if the range of g  domain of f.

e Composition of functions is not commutative in general i.e., f 0 g(x) # g o f(x).

e  Composition is associative i.e., if f: X > Y,g:Y—> Zand h: Z - S are functions, thenh o (gof)=(hog)
of.

e  The composition of two bijections is a bijection.

Inverse of a Function

e Letf:A — Bisabijection, theng:B — Aisinverse of fiff(x) =y <& g(y)=xORgof=Ilaandfog=1s

e Ifgof=Iaand fisan injection, then gis a surjection.

e Iffog'lsand fisasurjection, then g is an injection.

Letf: A— Band g: B — C be two functions. Then

e gof:A- Cisonto= g:B - Cis onto.

e gof:A— Cisone-one= f:A— Bis one-one.

e gof:A— Cisontoandg: B— Cisone-one = f:A — B is onto.

e gof:A— Cisone-oneandf:A— Bisonto= g:B— Cis one-one.

Invertible Function

e Afunction f: X — Y is defined to be invertible if there exists a function g : Y — X such that gof - Ix and
fog = 1Iy.

e  The function g is called the inverse of f and is denoted by f-1. If f is invertible, then f must be one-one
and onto, and conversely, if f is one-one and onto, then f must be invertible.

e Iff:A—>Bandg:B— Care one-one and onto, thengo f: A — Cis also one-one and onto. Butif go fis
one-one, then only f is one-one and g may or may not be one-one. If g o f is onto, then g is onto and f
may or may not be onto.

o letf:X—>Yandg:Y— Zbe two invertible functions. Then g o fis also invertible with (gof)1=flog
1

e Iff: R—> Risinvertible, f(x) =y, then f! (y) = x and (f1)-1 is the function f itself.

Binary Operations

1.
2.
3.

A binary operation * on a set A is a function from A x A to A.

If * is a binary operation on a set S, then S is closed with respect to *.

Binary operations on R

e  Addition, subtraction and multiplication are binary operations on R, which is the set of real numbers.

e  Division is not binary on R; however, division is a binary operation on R - {0} which is the set of non-
zero real numbers.
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4. Laws of Binary Operations
e  Abinary operation * on the set X is called commutative, ifa*b=b * a, for every a,b € X.
e Abinary operation * on the set X is called associative, if a (b*c) = (a*b)*c, for every a, b, c € X.
e Anelemente € Ais called an identity of A with respectto * if foreacha € A,a*e=a=e*a.
e  The identity element of (A, *) if it exists, is unique.
5. Existence of Inverse
Given a binary operation * from A x A — A with the identity element e in A, an element a e A is said to be
invertible with respect to the operation *, if there exists an elementb in Asuchthata*b=e=b*aandb s
called the inverse of a and is denoted by aL.
6. If the operation table is symmetric about the diagonal line, then the operation is commutative.
«/a b cd
a b cd
b|b d a
cilc d b
dld a b
The operation * is commutative.
7. Binary Operation on Natural Numbers
Addition '+ and multiplication '-' on N, the set of natural numbers, are binary operations. However,
subtraction '—' and division are not, because (4,5)=4-5=-1 € Nand 4/5=.8 €N.
8. Number of Binary Operations

e Let S be a finite set consisting of n elements. Then S x S has n? elements.
e  The total number of functions from a finite set A to a finite set B is [n(B)]»(4). Therefore, total number
of binary operations on S is n"’.

e  The total number of commutative binary operations on a set consisting of n elements is n @
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A binary operation "*' on a set A is a functiort
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*(b*c)VabeA.ecAisidentityifa*e=a
=e¢*aVacA. and b e Ais the inverse
ofae A,if.a*b=e=b*a Additionisa
binaryoperahonon lhesetofintegers

Empty Relations
Universal relation

= {1,510 :
{1,510} Trivial

A relation R : A — A is universal
ifaRbV,abe AR=A X A.
if R = ¢, then R is universal.

Relations
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f:x— yis both one-one
and onto, then f is bijective.
f is bijective.
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f x — y is one-one if
f(xl) f(xz) 245X

V x,, x, € x. Other wise,

fis many- one, f, is one-one.
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Relations and
Functions

if : x > y is onto it for energy:
iye Y, IxeXSt.flx) =

omo
(Surjective)

=y, f.is onto.
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Types of Relations

[ Reflexive relation ] [Symmetrlc Relatlon]

Equnvalence relation :
(reflexive, symmetric, transitive e.g.,§
Let T = the set of all triangles in a}
plane and R : T — T defined by
R = {(T,, T))} : T, is congruent to T,}.}

A relatlon RiASAis symmetncs

Transitive relation

a, be A .

A relation R : A X A is transntlve'
lfaRb bRc = aRc V a,b,c € A.

-nn--------u-------------n---nuu----uunn

..JThen, Risequivalence. i
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Important Questions

Multiple Choice Questions

1.

Let R be the relation in the set (1, 2, 3, 4}, given
by:

R={(1,2),(2,2),(1,1),(44),(13),(3,3), (3, 2)}-
Then:

(@) R is reflexive and symmetric but not
transitive

(b) R is reflexive and transitive but not
symmetric

() R is symmetric and transitive but not
reflexive

(d) Risan equivalence relation.

Let R be the relation in the set N given by: R = {(a,
b):a=b-2,b>6}. Then:

(@ (2,4)€R

(b) (3,8)€R

(c) (6,8)€eR

(d) (8,7)€eR

Let A = {1, 2, 3}. Then number of relations
containing {1, 2} and {1, 3}, which are reflexive
and symmetric but not transitive is:

@ 1
(b) 2
() 3
(d 4
Let A = (1, 2, 3). Then the number of equivalence
relations containing (1, 2) is

(@)1

(b)2

(3

(d) 4.

Let f: R = R be defined as f(x) = x% Then
(a) fis one-one onto

(b) fis many-one onto

(c) fis one-one but not onto

(d) fis neither one-one nor onto.

Let f: R = R be defined as f(x) = 3x. Then
(a) fis one-one onto

(b) fis many-one onto

(c) fis one-one but not onto

(d) fis neither one-one nor onto.

7. Iff: R - R be given by f(x) = (3 - x)1/3, then fof
(x)is
(a) x1/3
(b)) x*

(0 x
(d) 3-x3

8. Letf:R-{- g} — R be a function defined as: f(x) =
%, X#- g. The inverse of f is map g: Range f —»
R -{- g} given by
(@) 80)=57%

) e6) =125
@ g0 =325
(@ s0) =75

9. Let R be a relation on the set N of natural
numbers defined by nRm if n divides m. Then R is
(a) Reflexive and symmetric
(b) Transitive and symmetric
(c) Equivalence
(d) Reflexive, transitive but not symmetric.

10. Set A has 3 elements, and the set B has 4
elements. Then the number of injective mappings
that can be defined from A to B is:

(a) 144
(b) 12
(c) 24
(d) 64

Very Short Questions:

1. IfR={(xy):x+ 2y=8}is arelation in N, write
the range of R.

2. Show that a one-one function:
£{1, 2,3} - {1, 2, 3} must be onto. (N.C.E.R.T.)

3. Whatis the range of the function f(x) = % ?

4.  Show that the function f: N — N given by f(x) = 2x
is one-one but not onto.

5. Iff:R - Risdefined by f(x) = 3x + 2 find f(f(x)).

6. Iff(x)= %1 x #1 then find fof.

7. Iff: R > Ris defined by f(x) = (3 - x3)1/3, find fof
(x)

8. Are fand q both necessarily onto, if gof is onto?
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Short Questions:

1.

Let A be the set of all students of a Boys’ school.
Show that the relation R in A given by:

R={(a, b): aissister of b} is an empty relation and

the relation R’ given by :

R’ = {(a, b) : the difference between heights of a
and b is less than 3 metres} is an universal
relation.

Letf: X = Y be a function. Define a relation R in X
given by :

R ={(a,b):f(a) = f(b)}.

Examine, if R is an equivalence relation.

Let R be the relation in the set Z of integers given
by:

R ={(a, b): 2 divides a - b}.

Show that the relation R is transitive. Write the
equivalence class [0].

Show that the function:

f:N->N

given by f(1) = f(2) = 1 and f(x) = x -1, for every x
> 2 is onto but not one-one.

Find gof and fog, if:
f:R—->Randg:R — Rare given by f (x) = cos x
and g (x) = 3x2. Show that gof # fog.

4x+ 3
6x — 4’

Iff(x) = x # = find fof(x)

Let A = N x N be the set of ail ordered pairs of
natural numbers and R be the relation on the set
A defined by (a, b) R (¢, d) if ad = bc. Show that R
is an equivalence relation.

Let f: R — R be the Signum function defined as:

1, x>0
f(x)=40, x=0
-1, x<0

and g : R — R be the Greatest Integer Function
given by g (x) = [x], where [X] is greatest integer
less than or equal to x. Then does fog and of
coincide in (0,1]?

Long Questions:

1.

Show that the relation R on R defined as R = {(a,
b):a < b}, is reflexive and transitive but not
symmetric.

Prove that function f : N = N, defined by f(x) = x2
+x + 1 is one-one but not onto. Find inverse of f:
N — S, where S is range of f.

LetA=(x€Z:0<x<12}.
Show thatR = {(a, b) : a, b € A; |a - b| is divisible
by 4} is an equivalence relation. Find the set of all

elements related to 1. Also write the equivalence
class [2]. (C.B.S.E 2018)

Prove that the function f: [0, o) — R given by f{x)
= 9x2 + 6x - 5 is not invertible. Modify the co-
domain of the function f to make it invertible, and
hence find f-1. (C.B.S.E. Sample Paper 2018-19

Assertion and Reason Questions-

1.

Two statements are given-one labelled Assertion

(A) and the other labelled Reason (R). Select the

correct answer to these questions from the

codes(a), (b), (c) and (d) as given below.

a) Both A and R are true and R is the correct
explanation of A.

b) Both Aand R are true but R is not the correct
explanation of A.

c¢) Aistrue butRis false.
d) Aisfalse and R s also false.

Assertion(A): Let L be the set of all lines in a
plane and R be the relation in L defined as R =
{(L1, L2): L1 is perpendicular to L2}.R is not
equivalence realtion.

Reason (R): R is symmetric but neither reflexive

nor transitive

Two statements are given-one labelled Assertion

(A) and the other labelled Reason (R). Select the

correct answer to these questions from the

codes(a), (b), (c) and (d) as given below.

a) Both A and R are true and R is the correct
explanation of A.

b) Both Aand R are true but R is not the correct
explanation of A.

c¢) Aistrue butRis false.

d) Ais false and Ris also false.

Assertion (A): = {(T1, T2): T1 is congruent to
T2}. Then R is an equivalence relation.

Reason(R): Any relation R is an equivalence

relation, if it is reflexive, symmetric and

transitive.

Case Study Questions-

1.

Consider the mapping f: A - Bis defined by f(x) =
x - 1 such that fis a bijection.
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Based on the above information, answer the III. Transitive i.e, (a,b) ERand (b,c) ER = (a,
following questions. C)ERVa,b,ceA
(i) Domain of fis: Based on the above information, answer the

(@) R-{2} following questions.
(b) R (i) IftherelationR={(1, 1), (1,2), (1, 3),(2,2),
(2,3),(3,1), (3, 2), (3, 3)} defined on the set
R-{1,2
(© R-{1,2} A={1,2, 3}, then Ris:
(d) R-{0} a) Reflexive
(ii) Range offis: b) Symmetric
(@ R c) Transitive
(b) R-{2} d) Equivalence
(c) R-{0} (ii) Iftherelation R={(1,2), (2, 1), (1,3),(3,1)}
(d) R-{1,2} defined on the set A = {1, 2, 3}, then Ris:
(iii) Ifg:R- {2} - R- {1} is defined by g(x) = 2f(x) a) Reflexive
- 1, then g(x) in terms of x is: b) Symmetric
X+2 c) Transitive
() ~ d) Equivalence
x+1 (iii) If the relation R on the set N of all natural
(b) Y numbers defined as R = {(x,y): y =x + 5 and
x < 4},then R is:
X_ .
(©) -3 a) Reflexive
b) Symmetric
X
(d) <2 c¢) Transitive
d) Equival
(iv) The function g defined above, is: ) L
(iv) If the relation R on the set A={1, 2, 3, ......... ,
(a) Onegl 13,14} defined as R = {(x, y): 3x -y = 0}, then
(b) Many-one Ris:
(c) into a) Reflexive
(d) None of these b) Symmetric
(v) A function f(x) is said to be one-one if. c) Transitive
(@) f(x1)=f(x2) > x1=%2 d) Equivalence
(b) f(-x1) = f(-x2) = x1 = x2 (v) If the relation R on the set A = {I, 2, 3}
defined as R = {(1, 1), (1, 2), (1, 3), (2, 1), (2,
(@ f(x1)=f(x2) =x1=x 2),(2,3),(3,1),(3,2), (3,3)}, then Ris:
(d) None of these a) Reflexive only
2. Arelation R on aset A is said to be an equivalence

relation on A if it is:
L. Reflexive i.e, (a,a) ERVa€A.

[I. Symmetricie., (a,b)eER=(b,a)eERVabe
A.

b) Symmetric only
c) Transitive only

d) Equivalence
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Answer Key

Multiple Choice Questions

©® N ok W

10.

(b) Risreflexive and transitive but not symmetric
(c)(6,8) R

(@1

(b) 2

(c) fis neither one-one nor onto.

fis one-one onto

X

4y
4 -3y

g(y) =

(b) Transitive and symmetric

24

Very Short Answer:

1.

Solution: Range of R = {1, 2, 3}.

[+ Whenx =2, theny =3, whenx =4, theny =2,
when x = 6, theny = 1]

Solution: Since ‘f’ is one-one,

~ under ‘f, all the three elements of {1, 2, 3}
should correspond to three different elements of
the co-domain {1, 2, 3}.

Hence, ‘f’ is onto.

Solution: When x> 1,

than f(x) = *==1.

X

Whenx <1,

than f(x) = =2 =1
Hence, Rf = {-1, 1}.
Solution:

Let x1, X2 € N.

Now, f(x1) = f(x2)

= 2X1 = 2X2

= X1=X2

= fis one-one.

Now, fis not onto.

~ For 1 € N, there does not exist any x € N such
that f(x) = 2x = 1.

Hence, fis ono-one but not onto.
Solution:

f(f(x)) =3 f(x) + 2
=3(3x+2)+2=9x+8.

Solution:
_ _
fof ()= FFL) =72 57
X
_x-1 _ X
_L_l_x—x+1
x-1
X
=—=Xx.
1
Solution:

fof(x) = f(f(x)) = (3-((x))*)'/*

=(3- (B- X))
=(3-(3-x3))3=(x3)/3=x
Solution:

Consider f: {1, 2, 3, 4} = {1, 2, 3, 4}
and g: {1, 2, 3,4} — {1,2.3} defined by:
f(1)=1,f(2)=2,f(3)=f(4) =3
g(1)=1,8(2)=2,8(3)=g(4)=3.

-~ gof = g (f(x)) {1, 2,3}, which is onto
But f is not onto.

[ 4 is not the image of any element]

Short Answer:

Solution:
(i) HereR={(a, b): ais sister of b}.
Since the school is a Boys’ school,

~ no student of the school can be the sister
of any student of the school.

Thus R = ® Hence, R is an empty relation.

(ii) Here R’ = {(a,b): the difference between
heights of a and b is less than 3 metres}.

Since the difference between heights of any
two students of the school is to be less than
3 metres,

~ R’=Ax A. Hence, R’ is a universal relation.
Solution:
Foreacha€X, (a,a) ER.
Thus, R is reflexive. [ f (a) = f(a)]

Now (a,b) €R
= f(a) = f(b)
= f(b) =f(a)
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= (b,a) ER. 4(4x+3}r3

Thus R is symmetric. = _\ox—4) [Using (1)]

And (a, b) €R 6(;}§in—4

and (b, ) €R 16x+12+18x—12

= 2(‘;‘(); f“f’() ) T 24x118-24x+16

an =f(c

= f(a)= f() - % -

=(a,c) ER. 7. Solution:

Thus Ris transitive. Given: (a, b) R (c, d) if and only if ad = bc.

Hence, R is an equivalence relation. (D) (a, b) R (a, b) iff ab - ba, which is true.
3. Solution: [~ab=DbaVa,beN]

Let 2 divide (a - b) and 2 divide (b - c), where Thus, R is reflexive.

abceZ (I) (2, b) R (¢d) = ad = be

= 2 divides [(a-b) + (b - )] (c,d) R (a,b) = cb = da.

= 2 divides (a - c). But cb = be and da = ad in N.

Hence, R is transitive. ~(a,b)R(c,d) = (c,d) R (a, b).

And [0] ={0,+2,+4,+6,...]. Thus, R is symmetric.
4. Solution: (IID) (a,b) R (¢, d)

Since f(1) =f(2) =1, = ad =bc ...(1)

~ f(1) =(2), where 1 # 2. (c, )R (ef)

~ ‘f is not one-one. = cf=de ... (2)

LetyeN,y#1, Multiplying (1) and (2), (ad). (cf) - (be), (de)

we can choose x as y + 1 such that f(x) =x -1 = af =be

y+1-1=y. = (ab) = R(e.).

Also1€N, f(1) = 1. Thus, R is transitive.

Thus ‘€’ is onto. Thus, R is reflexive, symmetric and transitive.

Hence, ‘f’ is onto but not one-one. Hence, R is an equivalence relation.

5. Solution: 8. Solution:

We have: Forx € (0,1].
f[x) = cos X and g(x) = 3x2. (ng)(X) :f(.g(x)) Zf([X])
=~ gof (x) = g (f(x)) = g (cos x) ={f(0); if0<x<1
=3 (cosx)%2 =3 cos?x fQ); ifx=1
and fog (x) = f(g (x)) = f(3x?) = cos 3x2. Al = {Of ?f 0 ix <1 ()
Hence, gof # fog. 1, ifx=1
6. Solution: And (gof) (x) = g(f(x)) = g(1)
We have: —22 (1) [+ f(x)=1Vx>0]
6X — 4
=[1]=1

 fof (x) - f (f (x))

_ 4f(x)+3
C6f(x)-4

= (gof) (x)=1VvVx€(0,1]..(2)
From (1) and (2), (fog) and (gof) do not coincide
in (0, 1].
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Long Answer:

1.

Solution:

We have: R={(a,b)}=a<b}.
Since,a<aVa€eR,

~(a,a) ER,

Thus, R reflexive.

Now, (a,b) € Rand (b, c) R
=a<bandb<c

=a<sc

= (a,c) ER.

Thus, R is transitive.

But R is not symmetric

[+ (3,5 €eRbut(53)¢€Ras3<5but5>3]
Solution:

Let x1, X2 € N.

Now, f(x1) = f(x2)

> X4x+1=xi+x,+1

> X 4x,=X5+X,

> (X2 -x2)+(x,+x,)=0

> (x;+x,)+(x; +x,+1)=0
= x,-x,=0 [ x, +x,+1#0]
> X =X,

Thus, fis one-one.

Lety € N, then for any x,
f)=yify=x2+x+1

( 5 1) 3
= y=|x +X+Z +Z

1 3
= X+—-=%,|y—
2\
= Xx=x= 4y_3—1
2 2
+J4y-3-
o x= y—-3-1
2
{_—A}/Z_HENforanyvalueof y}
Now, for yzE,x:—leN.
4 2

Thus, fis not onto.

= f{x) is not invertible.

4y-3-1

Since, x > 0, therefore, >0

= \/4y_—3 >1

= 4y-3>1

= 4y>4

= y>1

Redefining, f: (0, ) — (1, ) makes
f(x) =x* + x + 1 on onto function.

Thus, f{(x) is bijection, hence fis invertible and f* :
(1,0)—(1,0)
Solution:
We have:
R={(a, b):a,b € A; |a - b]| is divisible by 4}.
(i) Reflexive: Forany a € A,
(a,b) €R.
|a - a] = 0, which is divisible by 4.
Thus, R is reflexive.
Symmetric:
Let (a,b) ER
= |a-b]isdivisible by 4
= |b- a] is divisible by 4
Thus, R is symmetric.
Transitive: Let (a,b) € Rand (b,c) €R
= |a-Db]is divisible by 4 and |b - c| is divisible

by 4
= |a-b|=4A
= a-b=*4A...... ()]
and |b-c|=4p
= b-c=%4p........ (2)

Adding (1) and (2),

(a-b) + (b-c) = +4(A + )
= a-c=*4(A+p)
= (ac)eER

Thus, R is transitive.
reflexive,

Now, R is symmetric and

transitive.

Hence, R is an equivalence relation.
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(ii) Let‘x’ be an element of A such that (x,1) €R Thus, f(x) is one-one.
= |x-1]isdivisible by 4 ~ f[x)is objective, hence fis invertible and f: [-
= x-1=04,812,. 5,0)—[0,0)
= x=1,50913,.. f_l( )= y+6-1
Hence, the set of all elements of A which are Y 3
related to 1is {1, 5, 9}. .
(iii) Let (x,2) € R Assertion and Reason Answers-
Thus |x - 2| = 4k, where k < 3 1. (a) Both A and R are true and R is the correct
2 6 10 ' o explanation of A.
x=2,6,10.
] 2. (a) Both A and R are true and R is the correct
Hence, equivalence class [2] = {2, 6, 10}. explanation of A.
3. Solution:
Lety € R Case Study Answers-

Foranyx, f(x) =y ify =9x2 + 6x -5
=> y=(9x2+6x+1)-6
= (3x+1)2-6

> 3x+1==%\y+6

+ _
=1 X:L61
3
= )(:L6_1
3
LNy F6-

3 ! ¢[0,0) for any value of y

Fory=-6 eR,x= —%g[o,oo).

Thus, f{x) is not invertible.

Since, x>0,
NyH6-1. g
3
> \/mzl
= y+62>1
= y=-5

We redefine,

fi[0,00) > [-5,0).

which makes f{x) = 9x2 + 6x - 5 an onto function.
Now, x;, X, € [0, 00) such that f(x,) = f(x,)

= (3x,+1)2=(3x,+1)?

= [Bx1+ 1)+ (Bx2+1)] [(Bx1+1) - (3x+ 1)]
= [3(x;+x,) +2][3(x;-x,)]=0

= X=X,

[ 3(x; +x,) +2>0]

1.
()

(i)

(iii)

(iv)

™)

Answer:

(@) R-{2}

Solution:

For f(x) to be defined x - 2; # 0 i.e, x; # 2.
~ Domain of f=R - {2}

(b) R-{2}

Solution:

Lety =f(x), then y= x-1
xX-2

= xy-2y=x-1=>xy-x=2y-

X:ﬂ
2y—-1

Since, x €€ R - {2}, thereforey # 1

Hence, range of f =R - {1}
X
d) =
(d) <7
Solution:
We have, g(x) = 2f(x) - 1

_9 x-1 _1:2x—2—x+2: X
xX-2 xX-2 x-2

(a) One-one

Solution:

We have, g(x)= X
x-2

X X

Let=g(x,)=9(x,)= =
et=glx)=gle)= 5=

= X1X7 - 2X1 =X1X2 - 2X2 = 2X1 = 2X2 = X1=X2
Thus, g(x1) = g(x2) @ x1=x2
Hence, g(x) is one-one.

(c) f(x1) =f(x2) @ x1 =x2
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2.

Answer:

@

(i)

(iii)

(a) Reflexive

Solution:

Clearly, (1, 1), (2, 2), (3, 3),€R. So, R
is reflexive on A.

Since, (1, 2) €R but (2, 1) € R. So, R is not
symmetric on A.

Since, (2,3), € Rand (3,1) e Rbut(2,1) ¢ R.
So, R is not transitive on A.

(b) Symmetric

Solution:

Since, (1, 1), (2, 2) and (3, 3) are notin R. So,
Ris not reflexive on A.

Now, (1,2)eR=>(2,1)€Rand(1,3)ER=>
(3,1) € R. So, R is symmetric,

Clearly, (1, 2) €R and (2, 1) €R but (1,
1) € R. So, R is not transitive on A.

(c) Transitive

Solution:

We have, R = {(x, y): y = x + 5 and x < 4},
where x,y €N.

~R={(1,6),(2,7), (3 8)}

Clearly, (1, 1), (2, 2) etc. are notin R. So, R is
not reflexive.

Since, (1, 6) € R but (6, 1) € R. So, R is not

(iv)

v)

Since, (1, 6) € R and there is no order pair in
R which has 6 as the first element.

Same is the case for (2, 7) and (3, 8). So, R is
transitive.

(d) Equivalence

Solution:

We have, R = {(x, y): 3x - y = 0}, where X,

~R= {(1! 3)! (2' 6)! (3' 9)' (4' 12)}

Clearly, (1, 1) € R. So, R is not reflexive on A.
Since, (1, 3) €R but (3, 1) € R. So, R is not
symmetric on A.

Since, (1, 3) € Rand (3,9) e Rbut (1, 9) € R.
So, R is not transitive on A.

(d) Equi0076alence

Solution:

Clearly, (1, 1), (2, 2), (3, 3)ER. So, R is
reflexive on A.

We find that the ordered pairs obtained by
interchanging the components of ordered
pairs in R are also in R. So, R is symmetric on
A.For 1, 2, 3 € A such that (1, 2) and (2, 3)
are in R implies that (1, 3) is also, in R. So, R
is transitive on A. Thus, R is an equivalence
relation.

symmetric. ol
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Inverse Trigonometric
Functions 2

1. The domains and ranges (principal value branches) of inverse trigonometric functions are given in the

following table:
Functions Domain Range (Principal Value Branches)
- 1 T
y=sin"x [-1,1] 55
y=cosx [-1,1] [0, «t]
1 R-[-1,1] [_n n}
y =cosecx =|=1, -5
2 2]
i
y=seclx R-[-1,1] [0, W]_{E}
-1 R —_TC E
y=tan'x 2’9
y=cotlx R [0, 7]
2. sin'ix should not be confused with (sin-1x). In fact, (sin x)™! = Sinslinx And similarly for other trigonometric
functions.

3. The value of an inverse trigonometric functions which lies in its principal value branch is called the
principal value of that inverse trigonometric functions.
4. For suitable values of domain, we have

. y:sin’lx:x:siny
. x=sir1y:>y=sin_1x
e sin(sin’x)=x
e sin'(sinx)=x
.11 1
e sin —=cosec x
X
-1 _ -1
e oS (—x)=m—cos " x
a1 _
e cos'==sec’'x
X
-1 -1
e cot (—x)=m—cot " x

41 _
e tan'Z=cotlx
X
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Gl
coseCc  —=SIn x

X

sec '(-x)=n—sec ' x

41 -
sec ' ==cos ' x

X

sin"!(—x)=—sin" x

tan ' (—x)=—tan"' x

tan' x+cot ™

T
X==

cosec ' (—x)=—cosec ' x

1 -1, T
coseCc xX+seC X=—

sint x+cos~

T
1,7

cos ' x+cos ' y=cos (xy—\ll—x2 Jl—yz)

tan ' x+tan!

tan'x+tan ! y+tan” z=tan™ [

y=tan

1 Xty

1-xy

2sin ! x=sin! (ZX\ll —x? )

2cos * x =cos ™ (2x*

2tan ! x=sin! (

1+x

S}

_1)

=cos > |=tan
1+x 1

3sin™ x =sin ' (3x —4x%)

3cos ™ x=cos ' (4x> —3x)

3tan ' x=tan! [

5. Conversion:

sint x=cos™!

3x—x3
1-3x?

1+x
_ b'¢ 11
=cos ' ———=sec '~
V1+x° X
1 1
=cot " —==sin

X+y+z—xyz
1-xy—yz—zx

1-x2
=cos ' —— =sec’ \/1+x =cosec '—= =cot!
2

“)

L1
=cosec  —

1
1—
V1-x* X

11 1
=sec ' = =cosec
X 1-x2

X

=cosec t\1+x?
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_ .11 _ 1 N _ X RV |
. cosec x=sint==tan! —=cot ty/x* -1 =sec? =cos !

X x* -1 Jxt -1 X

6. Some other properties of Inverse Trigonometric Function:

1 X .1 X
° tan ——=sin" —
Va* —x* a
_ X _
° cot '—=—=cos 12
a’ —x* a
. tan =cosec 1=
a* —x* a
o cot™ =sec1Z
a’ —x? a
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Class : 12th Maths
Chapter- 2: Inverse Trigonometric Functions

P Hy= sin”x. Domain = [-1,1], Range =[—7—;,

(SRR
e

i (i) y = cos™x. Domain = [1,1] Range = [0, ]

(iii) ¥ = cosec”x. Domain = R—(-1,1), Range = [—g,g} - {OE:
(iv) y = sec’'x. Domain = R—(-1,1), Range = [0, =] _{g}
() y = tan'x. Domain = R, Range = (—g,g)
(vi) y = cot'x. Domain = R, Range = (0, n).

Domain and range of

inverse trigonometric
functions

i ()sin:R—[-1,1]

(ii) cos : R » [-1,1]

(i) tan:R—{x:x=(2n+1)gineZ}—)R
(iv)cot: R—{x:x=hn,neZ}—> R

(v)sec:R—{x:x=(2n+1)§,neZ}—>R-(_1,1)é

(vi) cosec: R—{x:x = hn,neZ}—> R—-(-1,1)

;The range of an inverseg

{trigonometric function !
iis the principal value!
branch and those values :
gwhich lies in the principalé

Some important
relations ) Inverse ) i value branch is called the :
Trngonor.netrlc : principal value of thatinverse :
unctions : trigonometric functions.
sin”'x # (sinx)™.(sinx)™
1
g and same for other
Graphs of trigonometric Principal Valtie branch
trigonometric functions. functions and inverse and :annapu:lv:::
trigonometric functions

i ())y = sin"x = x = siny (i) x = siny = y = sin”'x

§ (iiii) sin(sin™x) = x (iv) sin”'(sinx) = x

(v) sin™ % =cosec”'x (vi) cos™ (-x) = m—cos'x

: 1 " =
¢ (vii) cos"; =sec’'x (viii) cot™(=x) = n - cot™x
1 : -
i () tan™ =z =cot™'x (x) sec”(-x) = n—sec'x

. (xi) sin”(-x) = —sin™'x (xii) tan™(=x) = - tan'x

s -~ = T n
i (xiii) tan™x + cot™x = (xiv) cosec'x + sec'x = 2

: X+
i (xv) tan”x + tan”y = tan 1=% (xvi) 2 tan™'x = tan™

1-x%
LR Z i 2 1+
i (xvii) tan'x - tan™ =tan' L (i “y=sin" =cos™
: y T+xy (xviii) 2 tan” x=sin 1e 208 T2

iosiny = —

: 7

: n 1 S S (e B YT
: in — = — S0, the principal value of sin"| —= | is —
: and sin 2 \/i P P (ﬁ) 2

. For ¢g : to find the principal value of sin™ (%) Jlet sin™ (%) =y,

The range or the principal value branch of sin™ is(-g,g)

=
g

=2 ! 3=/2 .
) i 2y o2 ™ N S
-1

:
H

:

:

.

H

3 y=Sin

BELL L L L L L L

:
:
. - T Sw/2
. ol
5 X 3nh =2 ° 2@2” X
: -1 :
: :
: - :
b :
:
¥y E
:
--------------- T T T
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Important Questions

Multiple Choice questions- tan! 3 —cot ™} (—/3)

5. is equal to:
sin? x+sin! y= Z—X (o) ©
1. If 3 then the value of cos™ x
+costlyis _r
o (b) 2
@ 3 0
i (@ 203
® i 6. sin (tan™" x), |X| <L is equal to:
(© 2 x
(®) m @ Vi- x*
2. tan™' (v3) -sec”' (-2) is equal to: 1
OR: (b) V1-%°
_r X
(@ 3 © V12
T
v 3 A
o ) 1+x
(© 3 sin!(1-x)—2sin'x="1,
cos! (cos7—nj 7. 2" then xis equal to:
3. is equal to: 1
7n (@) 0, 2
(@) © 1
_sn (b) 1, 2
® ° (© 0
3 1
© w;
@ © tan”" [ij Ctan XY
sin{z—sin"l (—ln 8. Y XY s equal to:
4. 3 2 is equal to: T
1 (@) 2
(a) 2 r
1 () 3
(® 3 T
1 (©
(c 4 3n
(d1 d 4
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) 435 2. Prove that:
sin™"| cos e
9. The value of is C0571 — 4 sin71 - = 511’171 %
65
3n
@) T 3. Prove that:
__7“ sin”t — +cos™ g =cos! %
® >
- 4. Solve the following equation
10 _
() tan™ (X s 1) +tan’ (X—J =tan ' (-7)
_— x-1 X
(@ 10 5. Solve the following equation:
10. The principal value of the expression ) ) -
2tan " (si =tan (2 , X #—
cos™ [cos (~680°)] N an  (sinx)=tan™ (2secx), x 5
o 6. Solve the following equation
@ ° cos(tan™ x) = sin(cot1 Ej
-2n +
(b) 7. Prove that
34n
—_— 3cos tx=cos™ (4x3 -3x),x¢€ F 1}
© ° 2
T
) 9 Long Questions:
. 1. prove that
Very Short Questions:
1 1 1 alx \/5_’—3)(2 e
1. Find the principal value of sin-1 ( -) > <x<1, then cos x +cos 2t > |73
2. What s the principal value of:
on - 2. Find the value of:
cos-1 (cos St sin-1 (sin ?)?
1| X | X=Yy
3.  Find the principal value of: tan (;] —tan (EJ
tan'! (V3)- sec! (-2).
) 1 3. Prove that:
4. Evaluate: tan'! (2 cos (2 sin! (E D)
a1 (1 4(1) =
5.  Find the value of tan'1(v3) - cot1(-V/3). tan > +tan T +tan 372
6. Ifsin? [l) + cos1x =, then find x.
3 2 4 2._13t_117_n
7. Ifsec?(2)+cosecl(y)= g, then find y. ' sin 5) an 31) 4
8.  Write the value of sin [~ - sin'! (- l) ] . .
3 2 Assertion and Reason Questions:
9. Prove the following: ) )
1. Two statements are given-one labelled Assertion
cos(sinl § +cott 5] = L (A) and the other labelled Reason (R). Select the
5 2 SJE correct answer to these questions from the
10. Iftanlx+tanly= E, Xy < 1, then write the value codes(a), (b), (c) and (d) as given below.

of the x + y + xy.

Short Questions:

1.

Express sin'!

(sinx+cosxj
2

T T . .
Where - S <x<,in the simples form.

a) Both A and R are true and R is the correct
explanation of A.

b) Both A and R are true but R is not the
correct explanation of A.

c¢) Aistrue butRis false.
d) Aisfalse and Ris true.
e) Both AandR are false.
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Assertion(A): A relation R = {(1, 1), (1, 3), (3, 1), (i) ZCAB=oa=
(3, 3), (3, 5)} defined on the set A = {1,3,5} is 1
reflexive. (a) cos™ (gj
Reason (R): A relation R on the set A is said to
be transitive if for. (a, b) €R and (b, c)€R, we (b) cos™! (zj
have (a,c)€R. >
2. Two statements are given-one labelled Assertion (© cos™ (_3]
(A) and the other labelled Reason (R). Select the 2
correct answer to these questions from the
codes(a), (b), (c) and (d) as given below. (d) cos ™ (gj
a) Both A and R are true and R is the correct
explanation of A. (iii) ZBA=a=
b) Both A and R are true but R is not the (a) tanl(
correct explanation of A.

c) Aistrue butRis false.

d) Ais falseand R is true.

e) Both A andR are false.

Assertion (A): A relation R = {(a,b):]a-b| <
2}defined on the set A = {1,2,3,4,5} is reflexive.

Reason(R): A relation R on the set A is said to
be reflexive if for (a,b) €R and(b,c)€ER, we have
(a,c)€R.

Case Study Questions:

1.

'.___j‘-\

Two men on either side of a temple of 30 meters
high observe its top at the angles of elevation a
and B respectively, (as shown in the figure
above). The distance between the two men is

40+/3 meters and the distance between the first

person A and the temple is 30v/3 meters. Based
on the above information answer the following:

(i) «ZCAB=oa=
() sin‘l{%j

-1 1
(b) sin (Ej

(c) sin™' (2)

(d) sin™ [%}

(iv) £ABC=

(b)

()

N a

(d)

(v) Domain and Range of cos™ x =
(@ (-11),(0,m)
(b) [-1,1],(0,7)
(c) [-1,1], [0, n]

T T
(d (-1 1), {_E'ﬂ

The Government of India is planning to fix a
hoarding board at the face of a building on the
road of a busy market for awareness on COVID-
19 protocol. Ram, Robert and Rahim are the
three engineers who are working on this project.
"A" is considered to be a person viewing the
hoarding board 20 metres away from the
building, standing at the edge of a pathway
nearby. Ram, Robert and Rahim suggested to the
firm to place the hoarding board at three
different locations namely C, D and E. "C" is at
the height of 10 metres from the ground level.
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For the viewer A, the angle of elevation of "D" is
double the angle of elevation of "C". The angle of
elevation of "E" is triple the angle of elevation of
"C" for the same viewer. Look at the figure given
and based on the above information answer the

following:
1E
D
C
10m
A 5m A 20m B

(i) Measure of ZCAB=

(i)

(iii)

(iv)

(a) tan™' (2)

(1
(b) tan (Ej

(c) tan™' (1)
(d) tan™' (3)
Measure of Z/DAB =

(a) tan! (%j

(b) tan™' (3)

(c) tan™ (g]

(d) tan™ (4)
Measure of ZEAB =
(a) tan™ (11)

(b) tan™' 3

(c) tan™’ (1—21j
(11
(d) tan (7j

'A' is another viewer standing on the same
line of observation across the road. If the
width of the road is 5 meters, then the
difference between ZCAB and ZCA'B is

(a) tan™ (%j

41
(b) tan (EJ

v)

(c) tan™ (gj
(d) tan! (%j

Domain and Range of tan™' x =

Case Study Answers:

1. (i)

(i)

(b)

Solution:

A C
< 3003 >Re— 107 —
< 403 >

AB? =(ADY +(BDY =(30+3) +(30)

=2700 + 900 = 3600 = AB =60 m
BD 30 1 a1
SINgL=——=—=—>=0=SIn —
AB 60 2 2

(c)

Solution:

C
>R<— 1037 —

4003 >

AB? =(ADY +(BDY* =(3043) +(30)

3003

A

=2700+900=3600 = AB=60m

—AD—%zﬁza:tanl(ﬁj
2

coso=——=
AB 60 2
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(iii) (d) AB* =(ADY" +(BDY =(30v3) +(30)"

Solution: =2700 + 900 = 3600 = AB =60 m

of cos ' x=[-1,1]Range of cos ™' x=[0, 7]

2.
H (b
A c Solution:
< 3 >R
) o 20 FR mﬁ—:: Let |BAC =c.and |BA'C = .| BAC =20
< e Cal
d |BAE =3 AC 10_1
AB? =(ADY +(BD)? = (30332 +(30)% and |BAE =30In ABACtana. = =—
=2700 + 900 = 3600 = AB = 60 m _1[1j
= o =tan —
anp=220-30 3 _fopoanim 0 DO
DC 10\/_ \/_ Solution:
2 1
: We know that tan 2o = Ztano _ <Xg
(iv) () 1-tan‘a 71— (1)
2
Solution:
:lzé s 2o=tan! é
393 3
(iii) (d)
Solution:
A C 3tan o.—tan’ o 3><l—(l)3
< 303 >R<— 103 — Also tan3a = 5 22
. w0 N 1-3tan“a (%)
2 _ 2 2 2 2 3_1 1
AB? =(ADY: +(BD)? = (30+3)? +(30) =i—§=%=% — 30— tan- (121)
=2700 + 900 = 3600 = AB =60 m vt
1 (iv) (b)
sina = > =a=30%tan =13 Solution:
—=PB=60°..|ABC +a.+B=180° tan (o—p) = 2O —tNB _ 3%
l+tanotanf 1+1xZ
:>ABC+3O°+6O°29O°=§ 1 BC 10
=—<tanf=—=—
12{ P AB 25}
) (9
Solution: v (9
Solution:

R[-EE
2 2

M A
4
L=
)
k4
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Answer Key
Multiple Choice Questions _m 2n_ m
3 3 3
r
1. Answer: (b) 3 Solution:
_r tan! {2 cos(Z sin! %ﬂ
2. Answer: (b) 3
_5m =tan’ {2 cos(Z - Eﬂ
Answer: (b) 6 6
4. Answer: (d)1 tan!(1) = n
K *
5. Answer: (b) 2 Solution:
X tan™ (\/§ ) —cott (—\/§ )
2
Answer: (d) V1+X T ( n) T
=——|nT—— |=——
Answer: (c) 0 3 6 2
s Solution:
8. Answer: (c) 4
() sin”! (EJ +cos ' x=—
- 3
9. Answer: (d) 10 1
=>x==
2n 3
. 9
10. Answers: (a) |:Sin1 et cos ) x o g
Very Short Answer:
Solution:
1. Solution:
1\ = T T sec ! (2)+cosec”( y):E
sin?| = |== e |-=,= 2
2) 6 2 2
=>y=2
Hence, the principal value of sin-1 1 is £
e prnep 2 6 [ sec ! x+cosec'x = g}
2.  Solution: ’
Solution:
cos™! [cos Z—RJ +sin™ (sin Z—WJ 1
3 3 sin| X —sin!| —=
3 2
1 1 x/.')_’ 2Zn m
=cos | —= |+sin" | — |=—+==
( ) (zj 33 _sin| Z4sint[ L
3 2
3. Solution:
[ sin(-x)=—sin™ x]
tan? (V) =2 ¢ (_E,Ej
3 22 . (m m . T
=sin §+€ =smE=1
sec}(-2)= 2n € [O, E} - {E}
3 2 2 Solution:
~tan”! (‘/5) —sec™ (-2) LHS. = cos(sin1 g +cot™ %)
& www.stepupacademy.ind.in ) @stepupacademyindia ) @stepupacademyindia () @stepupacademy_



24| Step Up Academy @

_ a4 4 3 —ixé+2x§—@+§—§
=Cos| cos §+C05 = 13 5 13 5 65 65 65

J13

(4 3 16 9 :e:m-lf
=cos|cos |- ——,[1-—,[1—— 65
5 {13 25 13

Hence ’1124. a3
12 3 2 6 s , COS 13 sin g_Sm Pt

— —_— = =R.H-
513 5 J13 513 3. Solution:

10. Solution:

LH.S. =sin™ % +cos™ g
We have tan™ x+tan™" y:E
* 1 43
N i i - =tan —+tan 2
= tan‘lu:— = Y =tan—
1-xy 4 1-xy 4 8 3
7_1’_*
o1 15 4 . 177 _ 436
— X+y:1 . X+y=1—Xy- =tan T—tan %—Cot (ﬁ
1-xy 1-——x—
15 4
Hencex+y+xy=1. = RHS.
Short Answer: 4. Solution:
1. Solution: tan"l(x+1)+tan"1(x+1j=tan_1(—7)
. x-1 X
. _1[ sinx+cosx )., T T
sin” | —— |if ——<x<=
( 2 j 4 4 x+1 x-—
-1 _x-1 x —tan-1(_
sin1(sinx-i+cosx~ijif—E<x<E TR x+1 x-1 =
1-——x——
2 J2 4 4 x-1 x
2
:sin"l[sinx cosE+cosxsinE) = X(x+1)+(x—1) =—7
4 4 x(x-1)-(x*-1)
. T T T T T = 2x?-8x+8=0
if —+—<x+—<—+—
4 4 4 4 4 =>x2-4x+4=0
=sin! [sin(erED if0<(x+zj<E A
4 4 2 Hence, x = 2.
i.e. principal value 5. Solution:
2 tan"(si =tan (2
:X+7j:- an'l(sin x) = tan! (2 secx)
. = tanleSli:tanf1 (2secx)
2. Solution: 1-sin®x
Let L.H.S. = 0. i
= tan™ (ZSTX):tanl(Z secx)
. . (12 . 1( 3 cos“ x
Then sin@=sin| cos™ | — |+sin™" | =
13 5 = tan ! (2 secxtanx) =tan? (2 secx)
] (12 (3 = 2secxtanx=2secx
=sin| cos™ | — | |cos| sin”" | =
13 5 tanx=1[vsecx#0]

T
1(12) (. 1(3) Hence, x=7
+cos| cos™ | — | |sin| sin™" | =
13 5 6. Solution:
144 9 12 3 We hace:
=, 1-—,[1-—+—=x= 3
169 25 13 5 cos(tan* x) = sir{cot1 Zj
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cos(tan* x)=sin (sin"1 gj
cos(tan™' x) zg

—tan 'x=tan’!

S w

Hence x = E
4

Solution:

Put x = cos 6 in R.H.S.

As1/2<x<1

R.H.S. = cos! (4cos3 B - 3cos 0),
=cos! (cos 30) =360 = 3cos1x=L.H.S.

Long Answer:

1.

Solution:

_ 2
L.H.S. =cos ' x+cos™ {% + ﬂ}

:cos1x+cos’1{%‘x+§-\/1—xz}

_ e LT
=0+cos 1[cos—cos 0+sin—-sin 9}

[Putting x = cos 0 so that /1—x? =sin 0]

=0+cos {cos(g = GH

9+(E—9j=E=R.H.S.
3 3

Solution:

{ tan'x—tan' y=tan’ [ Xy H
1+xy

:tan_l[X(Hy)—y(x—y)}
Y(x+y)+x(x-y)

1 X2+Xy—Xy+y2
i S a—
Xy+y +X —Xy

2 2
tan™ Xz+—yz =tan '(1)= r.
X“+y 4

3. Solution:

s ={an(2)on (2] (2]

1 1
. + —
—tan'—2_ 5 4tan? (—j
1
1-=x=
5
=tan! +tan! (lj
- 8
7.1
=tan? (—) +tan! (1) =tan! 9_8
8 1 1
— X -

=tan* 26059 _ tan 65 tan™' (1) = z
72-7 65 4

= R.H.S.

4. Solution:

2sin! § =sin! 2é 1—2
5 5 25

[ 2sin ' x=sin* (ZX\ll —x? )}
=sin? 2><§><é =sin? i
55 25
24
=tan!| == -
& 0

Now, LH.S. =2sin”" Ej_tanl ( 17
5 31

=tan! [%) —tan™ (%j [Using ()]

_ a1 7447119
24 17 217+ 408

=tan! %g =tan"'(1)= % =R.H.S.

Assertion and Reason Answers:
1. (d)
Solution :
Given R ={(1,1), (1,3), (3,1), (3,3), (3,5)}

We know that Relation 'R’ is reflexive on set A if
Va€A,(a,a)eR

Here set A={1,3,5}
(1,1)ER,(3,3)eR
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but (5,5)¢R (2,3),(3,2),(3,4)-(4,3), (4,5), (5, 4)}
~Ris not reflexive Here (1,1) € R, (2,2) € R, (3,3) €R, (4, 4) €R,
~ Assertion A is false By definition of transition (5.5)€R
Relation, It is clear that given Reason R is true. = Relation R is reflexive on set A = {1,2,3,4,5}
Hence option (d) is the correct answer. ~ Assertion A is true We know that relation R is
2. (o reflexive if (a,a) ERV a €A
Solution: ~ Given Reason R is false Hence option (c) is the

Given R={(a, b):]a-b|<2}
={11),(22),(33), (4 4),(55), (1 2), (2 1),

correct answer.

>
>

A X X4

D)
D)
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Matrices ‘ 3

Top Terms

1. A matrix is an ordered rectangular array of numbers (real or complex) or functions or names or any type of
data. The numbers or functions are called the elements or the entries of the matrix.

2. The horizontal lines of elements constitute the rows of the matrix and the vertical lines of elements constitute
the columns of the matrix.

3. Each number or entity in a matrix is called its element.

4. If a matrix contains m rows and n columns, then it is said to be a matrix of the order m x n (read as m by n).

5. Thetotal number of elements in a matrix is equal to the product of its number of rows and number of columns.

6. A matrix is said to be a column matrix if it has only one column.

7. A =[ajj]mx1 matrix is said to be a row matrix if it has only one row.

8. A matrix is said to be a row matrix if it has only one row.

9. B =[bij]1xnis row matrix of order 1 x n.

10. Rectangular matrix: A matrix in which the number of rows is not equal to the number of columns is called a
rectangular matrix.

11. A matrix each of whose elements is zero is called a zero matrix or null matrix.

12. A matrix in which the number of rows is equal to the number of columns is said to be a square matrix. A matrix
of order ‘m x n’ is said to be a square matrix if m = n and is known as a square matrix of order ‘n’.

13. A square matrix which has every non—diagonal element as zero is called a diagonal matrix.

14. A square matrix A = [aij]m x m is said to be a diagonal matrix if all its non-diagonal elements are zero, i.e., a
matrix A = [aij]lm xm is said to be a diagonal matrix if a;j = 0 when i # j.

15. A square matrix in which the elements in the diagonal are all 1 and the rest are all zero is called an identity
matrix. A square matrix A = [aij]n xn iS an matrix if

1 ifi=j
%= {0 if i j

16. A diagonal matrix is said to be a scalar matrix if its diagonal elements are equal, that is a square matrix B =
[bij]n x n is said to be a scaler matrix if bij = 0 wheni #j and bj; = k when i = j for some constant k.

17. Upper triangular matrix: A square matrix A = [ajj] is called an upper triangular matrix if aj = 0 for alli >j. In
an upper triangular matrix, all elements below the main diagonal are zero.

18. Lower triangular matrix: A square matrix A = [a,] is called a lower triangular matrix if a; = 0 for alli <j. In
a lower triangular matrix, all elements above the main diagonal are zero.

19. Two matrices are said to be equal if they are of the same order and have the same corresponding elements.

20. Two matrices A = [ajj] and B = [by] are said to be equal if they are of the same order. Each element of A is equal

to the corresponding element of B, that is ajj = bj; for all i and j.

@ www.stepupacademy.ind.in (&) @stepupacademyindia ) @stepupacademyindia () @stepupacademy_



28| Step Up Academy @

21. If A is a matrix, then its transpose is obtained by interchanging its rows and columns. Transpose of a matrix

A is denoted by At If A = [ajj] be an n x m matrix, then the matrix obtained by interchanging the rows and
columns of A is called the transpose of A. Transpose of the matrix A is denoted by A’ or (AT). Theftis, (AT); =
giforalll=1,2,.m;j=1,2,..n.

22. If A = [ajj]nxn is an n x n matrix such that AT = A, then A is called a symmetric matrix. In a symmetric matrix, aj
= gji foralliandj.

23. IfA=[ajj]uxnis ann x n matrix such that AT =-A, then A is called a skew-symmetric matrix. In a skew-symmetric
matrix, aij = aji.

24. All main diagonal elements of a skew-symmetric matrix are zero.

25. Every square matrix can be expressed as the sum of a symmetric and a skew-symmetric matrix.

26. All positive integral powers of a symmetric matrix are symmetric.

27. All odd positive integral powers of a skew-symmetric matrix are skew-symmetric.

28. Let A and B be two square matrices of the order n such that AB=BA =1.

Then A is called the inverse of B and is denoted by B = A-L If B is the inverse of A, then A is also the inverse of
B.

29. If A and B are two invertible matrices of the same order, then (AB)-1 = B-1 A-1.

Top Concepts
1. The order of a matrix gives the number of rows and columns present in the matrix.

2. Ifamatrix A has m rows and n columns, then it is denoted by A = [a;]m x n. Here ajj is i-j th or (i, j)t element
of the matrix.

The simplest classification of matrices is based on the order of the matrix.

4. In case of a square matrix, the collection of elements a11. a2z and so on constitute the Principal Diagonal or
simply the diagonal of the matrix.

5. The diagonal is defined only in the case of square matrices.

i Lo
6. Two matrices of the same order are comparable matrices.

If A = [aij]mxn and B = = [bij]m xn are two matrices of the order m x n, then their sum is defined as a matrix C =
[cilmxnwhere cij=ajj+bjfor1 <i<m,1<j<n.

8. Two matrices can be added (or subtracted) if they are of the same order.
For multiplying two matrices A and B, the number of columns in A must be equal to the number of rows in B.

10. If A = [aij]m xn is @ matrix and k is a scalar, then kA is another matrix which is obtained by multiplying each
element of A by the scalar k.

Hence, kA = [kaij] mxn
11. If A = [aj]mxnand B = = [bjj]m xn are are two matrices, then their difference is represented as A - B=A + (-1)B.
12. Properties of matrix addition
e  Matrix addition is commutative,ie, A+ B=B+ A

e  Matrix addition is associative, i.e. (A+B)+C=A+ (B + ()
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13.

14.

15.

16.

17.
18.
19.

20.

21.

22.
23.
24.

Existence of additive identity: Null matrix is the identity with respect to addition of matrices.

Given a matrix A = [ajj]jm xn, there will be a corresponding null matrix O of the same order such that A+ 0 =0
+A=A

The existence of additive inverse: Let A = [aij]m xn be any matrix, then there exists another matrix -A = -[aij]m x
n Such that

A+(-A)=(-A)+A=0.
Cancellation law: If A, B and C are three matrices of the same order, then
A+B=A+C =>B=C
and
B+A=C+A=B=C
Properties of scalar multiplication of matrices
If A =[ay], B = [bij] are two matrices, and k and L are real number, then
i. k(A+B)=kA+kB
ii. (k+D)A=KkA+IA
iii. k(A + B) =k([ag]+[by]) = k[aij] + k[bij] = kKA + kB
iv. (k+L)A =(k+L) [aj] = [(k + L)asj] = k[aj] + L[aj] =kA + LA
If A = [aj]mxp, B = [bij]pxn are two matrices, then their product AB is given by C = [cijJmxn Such that

Cj = iaikbkj :ailblj +ai2b2j +ai3b3j +... +aipbpj
k=1

In order to multiply two matrices A and B, the number of columns in A = number of rows in B.
Properties of Matrix Multiplication

Commutative law does not hold in matrices, whereas associative and distributive laws hold for matrix
multiplication.

i.  Ingeneral, AB # BA
ii.  Matrix multiplication is associative A(BC) = (AB)C
iii. Distributive laws:
AB+C)=AB+AC
(A+B)C=AC+BC
The multiplication of two non-zero matrices can result in a null matrix.
If A is a square matrix, then we define A1 = A and An+1 = An, A

If A is a square matrix, ao, a1, az, ..., an are constants, then apA» + a1A™! + a2A"2 + ... + an-1A + an is called a matrix
polynomial.

If A, B and C are matrices, then AB=AC,A#0=B=C.

In general, the cancellation law is not applicable in matrix multiplication.

Properties of transpose of matrices

i.  IfAis amatrix, then (AT)T=A

ii. (A+B)T=AT+BT

iii. (kB)T=KkBT, where k is any constant.

If A and B are two matrices such that AB exists, then (AB)T = BT AT,

If A, B and C are two matrices such that AB exists, then (ABC)T = CT BT AT.

Every square matrix can be expressed as the sum of a symmetric and a skew-symmetric matrix, i.e. A =

% (A+AT) + % (A — AT) for any square matrix A.
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25. A square matrix A is called an orthogonal matrix when AAT=ATA = 1.

26. A null matrix is both symmetric and skew symmetric.
27. Multiplication of diagonal matrices of the same order will be commutative.

28. There are six elementary operations on matrices—three on rows and three on columns. The first operation
is interchanging the two rows, i.e,, Ri ©& Rj implies that the it row is interchanged with the j* row. The two
rows are interchanged with one another and the rest of the matrix remains the same.

29. The second operation on matrices is to multiply a row with a scalar or a real number, i.e., Ri & kR; that it row
of a matrix A is multiplied by k.

30. The third operation is the addition to the elements of any row, the corresponding elements of any other row
multiplied by any non-zero number, i.e., Ri = Ri + kRi k multiples of the j*» row elements are added to the ith
row elements.

31. Column operation on matrices ar,
i.  Interchanging the two columns: Cr < Ck indicates that the rth column is interchanged with the kth column.
ii.  Multiply a column with a non-zero constant, i.e., Ci = KC;
iii. Addition of a scalar multiple of any column to another column, i.e. Ci = C; + k(;j

32. Elementary operations help in transforming a square matrix to an identity matrix.

33. The inverse of a square matri, if it exists, is unique.

34. The inverse of a matrix can be obtained by applying elementary row operations on the matrix A = IA. In order
to use column operations, write A = AL

35. Either of the two operations—row or column—can be applied. Both cannot be applied simultaneously.

36. For any square matrix A with real number entries, A + A’ is a symmetric matrix and A — A’ is a skew-
symmetric matrix.

Laws of algebra are not applicable to matrices, i.e.
(A+B)2#A2+2AB +B?
and

(A+B) (A-B)#A?-B?

Top Formulae

1. Anm x n matrix is a square matrix if m = n.

2.  A=[aj] =[by] =Bif

(i) A and B are of the same order, (ii) ajj = by for all possible values of i and j.
kA = k[aij]m xn = [k(aij)]m xn
-A=(-1)A

A-B=A+(-1)B
IfA . [al]]m xn and B= [bl]]n xp, then AB = C = [Cik]m x Py

o u W

n
where ¢, = Zaijbij
j=1

7. Elementary operations of a matrix are as follows:
i. Ri & Rjor Ci & Cj
ii.  Ri— kRior Ci— KCi
iii. Ri— Ri+kRjor Ci— Ci+kCj
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Class : 12th Maths
Chapter- 3 : Matrices

..........................................................................

If A=[a; ], then its transpose A' (A= lﬂ,,l
A=(2 1) then A" =

¢ -
ie.if : i Amatrix of order mxn is an ordered rectangular array of numbers:
or functions having 'm' rows and 'n' columns. The matrix

nxm

2 A=[a,-j]mx,, is given by a, 3y .y,
Also, (A) =A, (kA) =kA', (A+B) =A'+B, (AB) =BA'. | i A=|a, a, .a,
PeAls symmetric matrix if A=A'i.e. A'=-A. i ®Column matrix: Itis of the forn‘{ ‘1] mx1 a

. . ml amZ "‘aum mxn 3
i o Ais skew — symmetric if A= ~A'i.e. A'=-A. i i eRow matrix:Itisof the form  [a;], :
: ®Ais anv matrix, then— :

A=— {(A +A' ) (A A )} ;u;l?e?,\f i;%';:}‘}:?fna;:gx e Diagonal matrix : All non-diagonal entries are zero i.e a, =0Vi # j:

SM  Skew, SM. i i e Scalar matrix :3; =0,i # j and a; =k (Scalar),i = j

28 2 7 01 2 i e =00 =T =i
For eg if A:[ ],then Azl [ J+( ] ] i o Identity matrix :a; =0,i# jand a;=1,i=j
64 : i e Zero matrix : All entries are zero.

»
..............................................................................................................................................................

5A= a.: & . s

[ q]: [blj]= Bif, A and B are of :

: isame order and a--—b'- v/ iandj.

:  Square matrix : Here, m = n (no. of rows = no. of columns)

Matrices

R, &R;orC & C \

R, = kR,or C, = kC,

Rk B G an ik £ K B aré two mairices of same order, then

A+B [a;+b;] The addition of A and B follows:
iA+B= B+A(A+B)+C A+(B+C)A=(= I)A,:
ik (A+B)=kA+kB,kis scalar and :

Equality of Two Matrix

: A is the inverse of B and vice-versa. :(k +I)A=kA+IA, kand I are constants. !
i Inverse of a square matrix, if it exists, is unique

i i 2 34 :

{Foreg:If A=|3 4 [then after R;«<>R,A becomes|! 2

56 56

: If A and B are invertible matrices of the same order, then (AB)"'=

3 : Addition

i B'A™. By elementary transformations, we can convert A=IA to I :
i AA. This is one process of finding the inverse of a given square matrix A.}

R RN NSNS AR R AR,

2.3 -3 2 Lptis
g.[fA_[Z 4],8—(_4 S)then A+B—(_2 9]

: 4
i oIfA=(23) ,.B=| _|thenAB=(2:4+3:5)=(2 3) }
H 2x1 3

Multiplication

BN neea e eaeeeaetttatneeniiiNeeNtettetetstistanatItetestttsttettaceteesecerttttanadiotansaantacteey

 1f A=[4,],,., and B=[by,x, then AB = C=[Cyl,..,,, [Cil <Dt . Alsoj
! j=1 :
{ A(BC)=(AB)C,A(B+C)=AB+AC and(A+B)C = AC+BC, but ;
AB # BA (always)
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Important Questions

Multiple Choice questions-

1.

If A = [ajj]m xn iS @ SQuare matrix, if:
(@dm<n

(bym>n

(c)m=n

(d) None of these.

Which of the given values of x and y make the
following pair of matrices equal:

[3x+7 5 }[0 y—Z}
y+1 2-3x||8 4
(a)x=-§,y=7

(b) Not possible to find
(©y=7x=-7

dx=-3y=-2

The number of all possible matrices of order 3 x
3 with each entry 0 or 1 is

(a) 27

(b) 18

(c)81

(d)512

Assume X, Y, Z, W and P are matrices of order 2 x
n,3x1,2xp,nx3and p x k respectively. Now
answer the following (4-5):

The restrictions on n, k and p so that PY + WY will
be defined are

(@)k=3,p=n

(b) kis arbitrary, p=2

(c) p is arbitrary

(dk=2,p=3.

If n =p, then the order of the matrix 7X - 5Z is:
(@px2

(b)2xn

(a)nx3

(d)p x n.

If A, B are symmetric matrices of same order, then
AB-BAisa

(a) Skew-symmetric matrix
(b) Symmetric matrix
(c) Zero matrix

(d) Identity matrix.

10.

If A :{CO_S o=sm a} then A + A" = |, the value of
SIn A COS o

ais:

(@3

()5

(c)m

CIE

Matrices A and B will be inverse of each other

only if:

(a) AB=BA

(b)AB-BA=0

(c)AB=0,BA=1

(dJAB=BA=1.

If A :[a P } is such that A = I, then
Yy —o

@1+a®+Ry=0

(b)1-a?+Ry=0

()1-a?-Ry=0

(1+a®-Ry=0

If a matrix is both symmetric and skew-

symmetric matrix, then:

(a) A is a diagonal matrix

(b) A is a zero matrix

(c) Ais a square matrix

(d) None of these.

Very Short Questions:

1.

If a matrix has 8 elements, what are the possible
orders it can have.

Identity matrix of orders n is denoted by.
Define square matrix
The no. of all possible metrics of order 3 x 3 with
eachentry O or 1is
Write (1) a33, al12 (ii) what is its order
1 4 7
A=|2 5 8
3609

Two matrices A = ajand B = bjjare said to be equal
if

Define Diagonal matrix.
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8. Every diagonal element of a skew symmetric 2 2 6 2
matrix is 3. If A=|-3 1 |B=|1 3|, find the matrix C
9. IfA:[CO_SOL_Sina} then A+ A" =1, Find « 40 0 4
sIn a.cos o such that A + B + C is a zero matrix.
15 8 0 2 -2
10. A:L 7] Find A+ A" 4. If A=|4 -2|B=|4 2| then find the
3 6 -5 1

Short Questlons: matrix 'X', of order 3 x 2, such that 24 + 3x = 5B.

1. Write the element az3 of a 3 x 3 matrix A = [ajj] . .
|l il Assertion and Reason Questions:

whose elements a; are given by: ] )
1. Two statements are given-one labelled Assertion

2. For whatvalue of x is (A) and the other labelled Reason (R). Select the
1 2 ollo correct answer to these questions from the
[1 2 1] 20 11l21=07? codes(a), (b), (c) and (d) as given below.
10 2llx a) Both A and R are true and R is the correct
explanation of A.
3. Find a matrix A such that 2A - 3B+ 5C =0, b) BothAandR are true but R is not the correct
2 2 0 2 0 -2 explanation of A.
ML :[ 3 1 4 }and 4 :[ 7 1 6 } c) Aistrue butRis false.

) d) AisfalseandRis true.
If A= [C_OS - i a], then for what value of 'a" A e) Both Aand R are false.
sin oo —cos a

. 1 07. . . .
A A): .
an identity matH2 ssertion(A) [0 1] is an identity matrix

4. Find the values of x, y, z and t, if: Reason (R): A matrix A=[ajj] is an identity matrix

o JL i)

— 1 —— ° g

Z+ 33 ° 7700, if=j
t N4 6

2. Two statements are given-one labelled Assertion

2 0 1 (A) and the other labelled Reason (R). Select the
5. If A={2 1 3|, thenfind (42 - 54). correct answer to these questions from the
1 -1 0 codes(a), (b), (c) and (d) as given below.
- a) Both A and R are true and R is the correct
3 1 10 :
6. If A= }md I { } find k so that A2 = explanation of A.
-1 2 0 1 b) Both A and R are true but R is not the correct
5A + bkI. explanation of A.
7. If A and B are symmetric matrices, such that AB ¢) AistruebutRis false.
and BA are both defined, then prove that AB - BA d) AisfalseandRis true.
is a skew symmetric matrix. e) Both AandRare false.
Long Questions: Assertion (A): Matrix [5] is a column matrix.

1. Find the values of a, b, c and d from the following Reason(R): A matrix of orderm x 1is called a

equation: column matrix.
2a+b a-2b 4 -3 .
LC —d 4c +3d} = [11 24} Case Study Questions:
1. Three shopkeepers A, B and C go to a store to buy
2 If { 9 -1 4 }:AJ{ 1 2 _1}' then find stationary. A purchase 12 dozen notebooks, 5
-2 1 3 0 dozen pens and 6 dozen pencils. B purchases 10
the matrix A. dozen notebooks, 6 dozen pens and 7 dozen

pencils. C purchases 11 dozen notebooks, 13
dozen pens and 8 dozen pencils. A notebook costs
%40, a pen costs X 12 and a pencil costs X 3.
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Based on the above information, answer the

following questions.

(i) The

number

matrix form as:

(a)

(b)

(c)

(d)

(i) IfY represents the matrix formed by the cost

Notebooks
(144
120
132

Notebooks
(144
120
132

Notebooks
(144

120

132

Notebooks
(144
120
132

of
shopkeepers A, B and C represented in

Pens
60

720

156

Pens
72
84

156

Pens
72
156
84

Pens
60
84

156

items

purchased by

Pencils

72 ]

84
96

A
B
C

Pencils

60 |

72
96

SR N

Pencils

72 ]

84
96

SoRe N

Pencils

60 |

72
96

of each item, then XY equals.

(a)

(b)

()

(d)

[5741]
6780
8040 |

(6696 |
5916
| 7440 |

(5916 |
6696
| 7440 |

(6740 ]
5740
8140 |

A
B
C

(iii) Bill of A is equal to:

a. 6740

b. 8140

c. %5740

d 6696

(iv) IfA2=A,then (A+1)3-7A=

a. A

b. A-I

c. 1

d A+I

(v) If A and B are 3 x 3 matrices such that A2 -

B2 =(A- B) (A+ B), then

a. Either A or B is zero matrix.

b.  Either A or B is unit matrix.

c. A=B

d. AB=BA
Consider 2 families A and B. Suppose there are 4
men,4 women and 4 children in family A and 2
men, 2 women and 2 children in family B. The
recommend daily amount of calories is 2400 for
aman, 1900 for a woman, 1800 for a children and
45 grams of proteins for a man, 55 grams for a
woman and 33 grams for children.

Based on the above information, answer the

following questions.

(i) Therequirement of calories and proteins for
each person in matrix form can be
represented as:

Calorise Proteins

Man [ 2400 45 ]

(@) Woman | 1900 55
Children| 1800 33 |
Calorise Proteins
Man [1900 55 ]

(b) Woman | 2400 45
Children| 1800 33 |
Calorise Proteins
Man [1800 33 |

() Woman | 1900 55
Children| 2400 45 |
Calorise Proteins
Man [2400 33 |

() Woman | 1900 55
Children| 1800 45 |
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(ii) Requirement of calories of family A is:

a. 24000
b. 24400
c. 15000
d. 15800
(iii) Requirement of proteins for family B is:
a. 560 grams
b. 332 grams
Cc. 266 grams
d. 300 grams

(iv) If A and Bare two matrices such that AB = B
and BA = A, then A2 + BZ equals.

| 35
a. 2AB
b. 2BA
c. A+B
d. AB
(v) If A=(a)pen, B=(by)pep and € =(c;) g
then the product (BC) A is possible only
when.
a. m=q
b. n=q
¢ p=q
d m=p

Answer Key

Multiple Choice questions-
Answer: (c)m=n
Answer: (b) Not possible to find
Answer: (d) 512.

1
2
3
4. Answer:(a)k=3,p=n
5. Answer: (b) 2 xn
6. Answer: (a) Skew-symmetric matrix
7. Answer: (a) g
Answer: (d) AB=BA=1
9. Answer:(c)1-a?-Ry=0

10. Answer: (b) A is a zero matrix

Very Short Answer:
1. Solution:

1x8, 8x1, 4x2, 4x4
2.  Solution: Iy

3. Solution: A matrix in which the no. of rows are

equal to no. of columnsi.e.m=n
4. Solution: 512=2°

Solution:

() az=9,a12=4

(ii)3x3

6. Solution: They are of the same order.

7. Solution: A square matrix in which every non -

diagonal element is zero is called diagonal matrix.
8. Solution: Zero.

9. Solution:

, |cosa —sina cosa sina
A+A=[ }+[ }

sino.  cosa

A 2cosa 0
R 0 2cosa

A+ A" =1(Given)
2cos o 0 B 10
0 2cosal| |0 1

2cosa=1

—sina coso

1
coso==
2

T

COS 0L =COS—

3

o==
3

10. Solution:

, |1 5 16
A=A= +
{6 7} {5 7}

[2 11
11 14
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Short Answer: Hence o = 0.
1. Solution: 5. Solution:
We have:

_li-J

We have [a; |= > Z{X 2}3{1 _1}:3{3 5}

) 2| 2 {Zx Zz} [3 —3} ’:9 15}
= + =
2. Solution: 2y 2t 0 6 1z 18
We have N {2x+3 2z—3}_[9 15}
1 2 ollo 2y 2t+6| |12 18
[1 2 1]{2 0 1]|2]=0 = 2X+3=9 s (1
1.0 2]|x 22-3=15 e (2)
0 2y =12 oo (3)
[1+4+12+0+00+2+2] | 2|=0 2t+6=18 ............. (4)
X From (1), 2x=9-3
= 2x=6
[6 2 4]|2|=0 = x=3.
X From (3) 2y = 12
= [0+4+4x]=0 = y=6
From (2), = 2z-3 =15
= [4+4x]=[0]
=, V7 =48
= 4+4x=0 . N
Hence, x=-1 From (4),2t+ 6 =18
3. Solution: = 2t=12
Here, 2A-3B+5C=0 > t=6.
=2A=3B-5C Hence,x=3,y=6,z2=9and t=6.
-2 2 0 2 0 -2 6. Solution:
= 2A=3 -5
3 1 4 7 1 6 2 0 1
__—6 6 0 +_10 0 10 Wehave A={2 1 3
“lo 3 12|35 -5 -30 10
- 2 _
[-6-10 6+0 0+10 JUEITR "= AA
1 9-35 3-5 12-30 2 0 1][2 0 1
_ =2 1 3|2 1 3
-16 6 10
= 1 -1 0[|1 -1 0
|26 -2 -18 -

8 3 c [4+0+1 0+0-1 2+0+0
H , A= = —

ence {_13 4 _9} 4+2+3 0+1-3 2+3+0

_2—2+0 0-1-0 1-3+0

4, Solution:

(5 -1 2

Here A:(C?S o.-sin a] =9 -2 5

sina—cosa 0 -1 -2
NowAzIz((l) J when cos a =1 and sin a = 0.
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5 -1 2 2 0 1
S A*-54=|9 -2 5|-5/2 1 3
0 -1 -2 1 -1 0
[5-10 -1-0 2-5
=[9-10 -2-5 5-15
| 0-5 -1+5 -2-0
(-5 -1 -3
=[-1 -7 10|
-5 4 -2
7. Solution:
3 1
Wehave:Az{ }
-1 2
A 3 1][3 1
-1 2||-1 2
9-1 3+2 8 5
= = (1)
-3-2 -1+4]| |-5 3
3 1] [15 5
Also, 54=5 = .(2)
-1 2| |-5 10
1 0] [k O
d kiI=k = > &
an {0 1} [0 k} (3)
A =5A+kl

[Using (1), (2) & (3)]

8 5] [15+k
= =
-5 3] | -5

=8=15+kand 3 =
=>k=-1landk=-7.
Hence, k - (-7).

8. Solution:

(8 5] [15 5 k o0
- = b
-5 3] |-5 10} {0 k}

5
10+k

10+ k

Since A and B are symmetric matrices,
~A'=AandB’'=B ...(1)
Now, (AB - BA)’= (AB)’ - (BA)’

=B'A’-AB

=BA - AB [Using (1)]

= - (AB - BA).

Hence, AB - BA is a skew-symmetric matrix.

Long Answer:
1. Solution:
We have:

2a+b a-2b | |4 -3

Sc—d 4c+3d| |11 24
Comparing the corresponding elements of two
given matrices, we get:

2a+b=4 (1)
a-2b=-3 -(2)
Sc-d=11 -(3)
4c+3d=24 ..(4)
Solving (1) and (2):

From (1),

b=4-2a -(5)

Putting in (2),a-2(4-2a)=-3
=>a-8+4a=-3

=5a=5

=a=1

Putting in (5),
b=4-2(1)=4-2=2,

Solving (3) and (4):

From (3),

d=>5c-11 ..(6)
Putting in (4),

4c+ 3 (5¢-11) =24
=4c+15c-33=24

= 19c¢ =57

=c=3.

Putting in (6),
d=5(3)-11=15-11=4.
Hence,a=1,b=2,c=3andd =4.

Solution:
Tet A= {‘111 a, 013}
Iy Uy Uy
Then :{all a,, ‘113}{ 1 2 —1}
Uy Oy Uy 0 4 9
9 -1 4
-
-2 1 3
_ a,+1 a,+2 a;-1
a,, +0 a,,+4 a,;+9
Comparing:

9=ann+1-1=ai2+2,
4=113-1,-2=ax

l=ax+4,and3=a23+9
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ain=8,a=-3, Hence, X = (5B - 24)
aiz=>5,az1=-2
13 21 ) 5 9 8 0
azz=-3,and az3 = - 6. 255 4 21-204 -2
8 -3 5 -
Hence, A= 5 1 |3 6
-2 -3 -6
10 -10| |-16 O
3. Solution: 1
=§ 20 10 |+| -8 4
€1 G2 -25 5 -6 -12
Let C=|cy, ¢y _ )
Cyy  Ca 10-16 -10+0
Then A+ B+ C =0 =—| 20-8 10+4
enarErL=t _ |25-6  5-12
2 2 6 2| |cy cypy 00 ~
=3 1|41 3|+|cy cpul=0 0 6 oy 2 10/
4 0 0 4| |cy oy 0 0 :§ 12 14 |=| 4 14/3
: h ) |-31 -7 -31/3 -7/3
246 242 €1 Cpp 00
=|-3+1 143 |+|cy € |=|0 O Assertion and Reason Answers:
| 4+0 0+4 | |c ¢5] |00 1. (d)Ais false and R is true.
[2+6+c, 2+2+c, | [0 O Solution:
=|-3+1+c,; 1+3+c¢, |=|0 0 . beic. /1 0 1] - dent .
I 4+0+c, 0+4+c, _0 0 We know that, A= 1 0 1s an indentity matrix
i 8+c;;, 4+cg 0 0] ~ Given Assertion [A] is false We know that for
=|-2+¢, 4+c,, |=|0 0 identity matrix aij= 1, ifi = jand a;= 0, ifi # j
| 4+c3  4+cy, 0 0] =~ Given Reason (R) is true Hence option (d) is the
. correct answer.
Comparing:
2. a) Both A and R are true and R is the correct
8+ci1=0=c11=-8, .
explanation of A.
4+ C12=0= Ci2=-4, .
Solution:
-2+Ca1=0=>Ca=2 .
We know that order of column matrix is always m
4+C2=0=>Cxn=-4 x1
4+c31=0=>C31=-4 1
and 4 + c32=0= C32 = -4. |5
-8 -4 2
Hence, C=| 2 -4 . .
4 4 is column matrix.
= Assertion (A) is true Also Reason (R) is true
4. Solution: and is correct explanation of A. Hence option (a)
We have: 2A + 3X=5B is the correct answer.
= 2A+3X-2A=5B-2A Case Study Answers:
= 2A-2A +3X=5B-2A
1. Answer:
= (2A-2A)+3X=5B-2A )
Notebooks Pens Pencils
=0+3X=5B-2A . 144 60 727 A
[+ - 2Ais the inverse 0f2A] i (a) 120 720 84| B
= 3X=5B-2A 132 156 9| C
[ - O is the additive identity]
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Solution:

Notebooks Pens Pencils

144 60 72| A
X=|120 720 84| B
132 156 9% | C
6696
ii. (b) |5916
7440
Solution:
40 | Notebook ii.
Since, Y =|12 Pens
3 Pencil

144 60 72|40
S XY=|120 72 84||12
132 156 96| 3

5760+720+216 6696
=| 4800+846+252 |=|5916
5280+ 1872+288 7440
iii. (d) X 6696
Solution:
Bill of A is X 6696.
iv. (c)I
Solution:
(A+D)2=A2+2A+1=3A+1
=>(A+1)P3=BA+)(A+])
=3A2+4A+1=7A+1
o (A+1)3-7A=1
v. (d)AB=BA
Solution:
A?2-B2=(A-B)(A+B)=A%2+AB-BA-B2
~~AB=BA

iil.

iv.

2. Answer: v.

Calorise Proteins
Man | 2400 45

L@ Woman | 1900 55
Children| 1800 33
Solution:

Let F be the matrix representing the number
of family members and R be the matrix

representing the requirement of calories and
proteins for each person. Then

Men Women Children
_FamilyA[A} 4 4 }

~ Family B| 2 2 2

Calorise Proteins
Man | 2400 45

R=
Woman | 1900 55

Children| 1800 33

(b) 24400
Solution:

The requirement of calories and proteins for
each of the two families is given by the
product matrix FR.

2400 45

4 4 4
FR:[2 } 1900 55
1800 33

 [4(2400+1900+1800) 4(45+55+33)
| 2(2400+1900+1800) 2(45+55+33)

Calories Proteins
24400 532 | Family A
12200 266

Family B

(c) 266 grams

(c)A+B
Solution:
Since, AB=B (1)
BA=A (i)

A*+B*=AxA+BxB
= A(BA) + B(AB)

= (AB)A + (BA)B
=A+B

(@dm=q

Solution:

A=(8y) s B= (B )ppr €= (€ pq
BC = (b; )pp ¥ (€ ) peq = () q
(BCYA=(d;) g % (0 ) e

Hence, (BC)A is possible only when m = q.

>
>

L R X4

)
)
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Determinants
t t
Top Terms
1. To every square matrix A = [aj], a unique number (real or complex) called the determinant of the square
matrix A can be associated. The determinant of matrix A is denoted by det(A) or |A| or A.
2. Only square matrices can have determinants.
3. Adeterminant can be thought of as a function which associates each square matrix to a unique number (real
or complex).
f: M — K is defined by f(A) = k, where A € M set of square matrices and k € K set of numbers (real or
complex).
4. Let A =[a] be a matrix of order 1, then the determinant of A is defined to be equal to a.
Determinant of order 2
if A=| 1 012}’ then |A|= M G =0a,,0,, — 0,0y,
021 Oy Gy 0y
6. Determinant of order 3
‘ay a, ay)
If A=|a,;, a,, a, |, then
[ 031 O3 Os3 |
Ay Gy g3
A=|ay @y ay= Zzz 223 —ag, 221 (3 tag 221 Zzz
a, a, a; 32 U3 31 U3 31 Uz
7.  Minor of an element a;; Of A determinant is the determinant obtained by deleting its i*" row and j column in
which the element ajj lies. Minor of an element ajj is denoted by M;;. The order of minor matrix is (n -1).
8.  Cofactor of an element aj denoted by Aj is defined by
Aj; = (-1) Mj;, where Mj is the minor of aj;.
9. The adjoint of a square matrix A = [aj] is the transpose of the cofactor matrix [Aij]nxn-
10. A square matrix A is said to be singular if |A| = 0.
11. A square matrix A is said to be non-singular if |A| # 0.
12. If A and B are non-singular matrices of the same order, then AB and BA are also non-singular matrices of the
same order.
13. The determinant of the product of the matrices is equal to the product of the respective determinants, i.e.,
|AB| = |A||B|, where A and B are square matrices of the same order.
14. Asquare matrix A is invertible, i.e,, its inverse exists if and only if A is a non-singular matrix. Inverse of matrix
A (if it exists) is given by
Al = ﬁ(adj A)
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15.
16.

A system of equations is said to be consistent if its solution (one or more) exists.

A system of equations is said to be inconsistent if its solution does not exist.

Notations to evaluate determinants:

i.
il

iii.

iv.

V.

Ri to denote the ith row.
Ri & R; to denote the interchange of the it and jth rows.

Ri & R;j + AR; to denote the addition of A times the elements of the jt row to the corresponding elements of the
ith row.

Ri (A) to denote the multiplication of all elements of the ith row by A.

Similar notations are used to denote column operations.

Top Concepts

1.

10.
11.
12.
13.
14.

15.

16.

A determinant can be expanded along any of its rows (or columns). For easier calculations, it must be
expanded along the row (or column) containing maximum zeroes.

Property 1: Value of the determinant remains unchanged if its rows and columns are interchanged. If A is a
square matrix, then det(A) = det(A’), where A’ = transpose of A.
Property 2: If any two rows (or columns) of a determinant are identical, then the value of the determinant is

Zero.

Property 3: If A = [ajj] is a square matrix of order n and B is the matrix obtained from A by multiplying each
element of a row (or column) of A by a constant k, then its value gets multiplied by k. If
A, is the determinant obtained by applying Ri — kRior Ci — KkCito the determinant A, then A= kA. Thus,
|B| = k|A|. This property enables removing the common factors from a given row or column.

If A is a square matrix of order n and k is a scalar, then |kA| = k» |A].
Property 4: If in a determinant, the elements in two rows or columns are proportional, then the value of the
determinant is zero.

q 4 4
Example: A=|b, b, b; |=0 (rows R, and R, are proportional)

ka, ka, kag
Property 5: If the elements of a row (or column) of a determinant are expressed as the sum of two terms,
then the determinant can be expressed as the sum of the two determinants.

Property 6: If to any row or column of a determinant, a multiple of another row or column is added, then the
value of the determinant remains the same, i.e., the value of the determinant remains the same on applying
the operation Ri » Ri + kRjor Ci — Ci+kG;.

Property 7: If any two rows (columns) of a determinant are interchanged, then the value of the determinant
changes by a minus sign only.

Let A be a square matrix of order n(12) such that each element in a row (column) of A is zero, then |A|= 0.
If A - [ajj] is a diagonal matrix of order n(=2), then |A|ai1.a22 a33 ... ann.
If A and B are square matrices of the same order, then |AB| = |A|.|B|

If more than one operation such as Ri = Ri + kR; is done in one step, care should be taken to see that a row
which is affected in one operation should not be used in another operation. A similar remark applies to
column operations.

Because area is a positive quantity, the absolute value of the determinant is taken in case of finding the area
of a triangle.

If the area is given, then both positive and negative values of the determinant are used for calculation.
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17. The area of a triangle formed by three collinear points is zero.

18. If Ais a skew-symmetric matrix of odd order, then |A| = 0.
19. The determinant of a skew symmetric matrix of even order is a perfect square.
20. The minor of an element of a determinant of order n(n = 2) is a determinant of order n-1.

21. The value of determinant of a matrix A is obtained by the sum of the product of the elements of a row (or
column) with its corresponding cofactors. Example: |A| = a11A11 + a12A12 + a13 + A1s.

22. If elements of a row (or column) are multiplied with cofactors of any other row (or column), then their sum
is zero.

Example: a;;Ay; + 2,45, + 234,53 =0
23. Adjoint of a matrix: The adjoint of a square matrix A [ajj]n xn is defined as the transpose of the matrix [Ajj] nxn,
where Aj is the cofactor of the element aj. Adjoint of the matrix A is denoted by adj A.

24. If A is any given square matrix of order n, then A (adj A) = (adj A) A = |A| I, where I is the identity matrix of
order n.

25. A square matrix A is said to be singular if |A| = 0.

26. A square matrix is invertible if and only if A is a non-singular matrix.
27. The adjoint of a symmetric matrix is also a symmetric matrix.

28. If Ais anon-singular matrix of order n, then |adj.A| = |A|™L.

29. If A and B are non-singular matrices of the same order, then AB and BA are also non-singular matrices of the
same order.

30. IfAisanon-singular square matrix, then adj(adj A) = |A|™2A.
31. Determinants can be used to find the area of triangles whose vertices are given.
32. Determinants and matrices can also be used to solve the system of linear equations in two or three variables.
33. System of equations,
ax+by+c,z=d,
a,x+b,y+c,z=d,
ax+by+cz=d;

can be written as AX = B, where

a b ¢ X d;
A=|a, b, c¢,|,X=|y|andB=|d,
a by ¢ z d,

Then matrix X = A1 B gives the unique solution of the system of equations if |A| is non-zero and A! exists.

Top Formulae

1. Area of a triangle with vertices (x1, y1), (X2, y2) and (x3, y3)

1 oy 1
A:E x, y, 1
X3 Y3 1

2. Determinant of a matrix A = [ajj]1x1 is given by |a11]|= a11

a a a a
11 2 11 G2
3. IfA :{ } then, |A| = =041 05; — 0205

Iy dyp

Iy Ay
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ap G g3
If A=|a,, a,, a, | then

Uz; 03 Os3

ay; 4 Az

a,, a
_ _ 22 g3
|A| =|dz1 Op Oy3|=0py

a
32 33
az; 04z, ds3

4.  Cofactor of ajj is Ay = (-1)*. Mi.

5. If A=| alz},then adj.A:M}
Iy Uy 51

Change Sign  Interchange
app G O3 Ay Ay Ag
If A=|a,, a,, a, |,thenadjA=|A4, A,, A, | whereAjisa cofactor of aj;.

3y 04z, ds3 Ay Ay Ay

6. If A and B are the square matrices of the same order, then |AB| = |A| |B|.

7. Al= ﬁ(adj A), where |A|£0.
8. If A and B are non-singular matrices of the same order, then
adj(AB) = (adj B)(adj A) .
9. If Ais an invertible square matrix, then adj AT-(adj A)T.
10. LetA, B and C be square matrices of the same order n. If A is a non-singular matrix, then
(i) AB=AC =B=C
BA=CA =B=C
11. If A and B are two invertible matrices of the same order, then (AB)-1 =B-1A-1
12. If A, B and C are invertible matrices of the same order, then (ABC)-1 = C-1B-1A1
13. If Aisan invertible square matrix, then AT is also invertible and (AT)1 = (A-1)T
14. The inverse of an invertible symmetric matrix is a symmetric matrix.
15. If Ais a non-singular matrix of order n, then adj (adj A) = |A|(™2)A
16. |47|= ﬁ and(A™) ' =4
17. Cramer’s rule (system of two simultaneous equations with two unknowns): The solution of the system of
simultaneous linear equations,
ax+by=c¢

a,Xx + b,y =c,,

is given by:
D
:31, =22 where
a, b ¢, b a, c
p=|" 1,D1:1 1andD2:1 1
a a 6 @4 a ¢

provided that D=0.

18. Cramer's rule (system of three simultaneous equations with three unknowns): The solution of the system of
simultaneous linear equations,
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a,x+by+c,z=d,

a,x+b,y+c,z=d,

ax+byy+cz=d;

is given by:
D, D. D.
x=—1, y=—2 and z=— where
D D D
a b ¢ d b ¢ a d ¢ a b d
D=|a, b, ¢|,D,=|d, b, c¢|,D,=la, d, c,JandD,=|a, b, d,
a; by ¢ d; by c a; dy ¢ a; by d;
provided that D=0.

19. For a system of two simultaneous linear equations with two unknowns:

i.  IfD # 0, then the given system of equations is consistent and has a unique solution, given by

D)

iii. IfD=0and D1 =Dz =0, then the system is consistent and has infinitely many solutions.

iv. IfD =0 and one of D1 and D2 is non-zero, then the system is inconsistent.
20. For a system of three simultaneous linear equations in three unknowns:

i.  IfD # 0, then the given system of equations is consistent and has a unique solution given by

ii. x:%,y:% andz=33

iii. IfD=0and D1=D2=Ds=0, then the system is consistent and has infinitely many solutions.
21. Unique solution of equation AX = B is given by X = A-1B, where |A| # 0.
22. For asquare matrix A in matrix equation AX = B,

i.  If|A| # 0, then there exists a unique solution.

ii. If|A|=0and (adj A) B # 0, then there exists no solution.

iii. If|A| =0 and (adj A) B = 0, then the system may or may not be consistent.
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S =
I.-/ Class : 12th Maths \]
Chapter- 4 : Determinants J
\\‘“ _1//
S
i A is the determinant obtained by deleting i" row (i) if A = [a,),., then [A]|=a,
i and " column and is denoted by M,. If M, is the minor (ii)if A =[a.| a'z]then |Al=a,, a, - a, a,
F ; : 1 12 %21
: of g, and cofactor of a, is A, given by A, = (1) M. L Ay %2
g ] : iy, Ay & ;
§ oIf A, ,is a matrix, then |A|=a,,. A,, +a,,.. A, +a,,. A,.. (ili)lfA = a;: az a;_: it then IA l=a" (an.a”_ am.anx
: oIf elements of one row (or column) are multiplied QG Ay, Ay 2 (a Ay, Gysa ) E
x 1\ ar 4= 31

: with cofactors of elements of any other row (or column);;
i then their sum is zero. For e.., a,, A, +a,, Ap+a,, A,=0. :

,then M, =4 and A,,=(-1)"""4=4.

Minors and cofactors
of a matrix

‘ﬂ‘n A a3 in :z ﬁ:
if A=| 2 @2 @3] then adj. A=| /2
o @ @ o A,
,where A, is the cofactor of a.
e A(adj.A)=(adj.A).A=|A|=I, A - square matrix
of order 'n'
e if |A| =0, then A is singular. Otherwise, A is
non-singular.
¢ if AB = BA = I, where B is a square matrix, 3
3 then B is called the inverse of A, A"=Bor B'=A ,}
i (A=A :
i Inverse of a square matrix exists if
i Aisnon-singular ie.|A|#0,and is given by

Determinants

+“13(a21 Ay —0y A3 )

2413
Foreg.if A [ }thenlAl—Zx4 3% 2=2

Determinant of square
‘matrix ‘A’ |A] is given by

-----------------------------------------------------------

(|)|A| remains unchanged, xftherowsandcolumnsof
Aaremtemhangedle |A] = |A| :
: (ii)if any two rows (or columns) of Aaremhetd\anged

Ethenthesignof |A| changes. :

(iii)if any two rows (or columns) of A are identical,

i then |A| =0

i (iv)if each element of a row (or a column) of A is :

' multiplied by B (const.), then |A|gets multiplied by B. :

)if A=[;] _ then 1k.AI =K'1AL 5

¢ (vi) if elements of a row or a column in a determinant ;

] |A| can be expressed as sum of two or more elements, }

i then |A| can be expressed as |B|+|C|. :

§ (vii) if R, & R, +kRj or C,=C +kCj in |A[, then the

gvalueof |A| remains same

1
o P — d'_A
At=rg (adj.A)

Eif (x4, (v ¥ ) and (1, y) A=|x,

: xu ¥l

For eg: if (1, 2) , (3, 4) and (-2, 5) are the vertices, then area of the manglels
: 1 21

i A=|3 4 1=1(4-5)-2(3+2)+1(15+8)=12squnits.

: =25

i we take positive value of the determinant.

Sennenneane ................................................................................:

o if ax+by+cz=d, ax+by+cz=d,a,x + b,y + ¢,z = d, then we can write AX= B

[“. b q] H d
: whereA=|a, b, ¢ [X=|Y|and B=|d,
- 4G by G z d,

e Unique solution of AX=B isX = A'B , |A| #0.

i ® AX=B is consistent or inconsistent accordmg as the solution exists or not.
i  For a square matrix A in AX=B, if
: (i) 1A1# 0then there exists unique solution.

i (i) |A1=0and (adj. A) B#0 ,then no solution.

(m) if IAI=0 and (adj.A).B=0 then system may or may not be consistent.

:
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Important Questions

Multiple Choice Questions-

6
18 6

x 2
18 x

(@ 6
(b) 6
(c) -6
d 66

2. Let Abeasquare matrix of order 3 x 3. Then |KA|
is equal to

(@) klA]
(b) KA
(©) KA
(d) 3Kk|A]

3. Which of the following is correct?
(@)
(b)

1. , then x is equal to

Determinant is a square matrix
Determinant is a number associated to a

matrix

Determinant is a number associated to a

()
square matrix

(d) None of these.

4. If area of triangle is 35 sq. units with vertices (2,
-6), (5, 4) and (k, 4). Then ks

(@) 12

(b) -2

(c) -12,-2

(d) 12,-2.
Gy G O3

5. Ifand |a,; a,, a, | Ajisco-factors of aj, then

Gz Oz g3

Ais given by

(@) a11As1 + a12As2 + a13As3

(b) a11A11 + a12A21 + a13As3
(c)
(d)

6. Let A be a non-singular matrix of order 3 x 3.

az1A11 + az2A12 + a23A13

a1t + a21A21 + az1A31

Then |adj. A| is equal to

(@) Al
(b) |AJ?
(©) IAP
(d) 3|A]l

7.

8.

0.

10.

If A is any square matrix of order 3 x 3 such that
|a| = 3, then the value of |adj. A| is?

(a) 3
(b)
(0)
(d)

If Ais an invertible matrix of order 2, then det (A-

O W=

27

1) is equal to

(a) det(A)
1
(b) det (A)
(0 1
(d o
If a, b, c are in A.P., then determinant
X+2 x+3 x+2a
X+3 x+4 x+2b| is:
x+4 x+5 x+2c
(@ o
(b) 1
(6 x
(d) 2x
If X, y, z are non-zero real numbers, then the
[x 0 0
inverse of matrix A=|{0 y 0] is
_0 0 z
xt 0 )
(a) vy
0 z!
xt 0
() xyz| 0 y*' 0
0 0 z!
[x 0 0
1
( —|0 y 0
Z
Y20 0 z
(1 0 0
1
(d —|0 1 0
Y40 0 1
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Very Short Questions: 2. Using properties of determinants, prove that:
1. Find the co-factor of the element a23 of the 1 1 1+3x
determinant: 1+3y 1 1 |=9C3xyz+xy+yz+2zx)
5 3 8 1 1+3z 1
2 01 3. Using properties of determinants, prove that:
123 s b-c c+b

10.

If A and B are invertible matrices of order 3, |A| =
2 and |(AB)"!| = - = Find [BJ.
Check whether (I + m + n) is a factor of the
[+m m+n n+1
determinant n 1 m |or not. Given
2 2 2
reason.

If Ais a square matrix of order 3, with |A| =9, then
write the value of |2 . adj. A|.

If A and B are square matrices of the same order
3, such that |A| = 2 and AB = 21, write the value of
IBI.

A is a square matrix with |A| = 4. Then find the
value of |A. (adj. A)|.

5 3 8
IfA=2 0 1}, write:
1 2 3

(i) the minor of the element a23.

(ii) the co-factor of the element a32.

2 -1
Find the adjoint of the matrix A = L . }

2 _
Given A = { 4 7 } compute Al and show that
2A1=9]-A.
o |5—-x x+1].
For what value of ‘x’, the matrix 4 is

singular?

Long Questions:

1.

Using properties of determinants, prove the

following:
a+b+c —C -b
—C a+b+c -a |=2(a+b)(b+c)(c+a).
-b —-a a+b+c
a -1 0

If fx) = |ax a

axz ax a

—1|, using properties of

determinants, find the value

a+c b c—a=(a+b+c)(a®+b*+c?)

a-b b+a c

Assertion and Reason Questions-

1.

Two statements are given-one labelled Assertion
(A) and the other labelled Reason (R). Select the
correct answer to these questions from the
codes(a), (b), (c) and (d) as given below.
a) Both A and R are true and R is the correct
explanation of A.
b) Both Aand R are true butR is not the correct
explanation of A.
c¢) Aistrue butRis false.
d) Aisfalse and R is true.
e) Both A andR are false.
Assertion(A): Minor of element 6 in the matrix
0 2 6
1 2 -1]is3.
21 3

Reason (R): Minor of an element a;; of a matrix is
the determinant obtained by deleting its it row.

Two statements are given-one labelled Assertion

(A) and the other labelled Reason (R). Select the

correct answer to these questions from the

codes(a), (b), (c) and (d) as given below.

a) Both A and R are true and R is the correct
explanation of A.

b) Both AandR are true butRis not the correct
explanation of A.

c¢) Aistrue butRis false.

d) Aisfalse and R is true.

e) Both AandR are false.

Assertion (A): For two matrices A and B of order

3,|A|=3, |B|=—-4, then |2AB| is -96.

Reason(R): For a matrix A of order n and a scalar

k, |kKA|=kn|Al.

Case Study Questions-

1.

Raja purchases 3 pens, 2 pencils and 1
mathematics instrument box and pays 341 to the
shopkeeper. His friends, Daya and Anil purchases
2 pens, 1 pencil, 2 instrument boxes and 2 pens, 2
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pencils and 2 mathematical instrument boxes honesty is 33. The sum of the number of
respectively. Daya and Anil pays %29 and 344 awardees for honesty and supervision is twice
respectively. Based on the above information the number of awardees for helping.

answer the following:

(i) The costof one penis:

a) X2
b) 35
c 310
d) 15
(ii) The cost of one pen and one pencil is:
a) 35
b) 10
c 15
d) 17 (i) Value of x +y + z is
(iii) The cost of one pen and one mathematical (a) 3
:;strt;n;ent box is: Eb)) c
c)7
5 s @1
q s (ii) Value of x = 2 y is
(iv) The cost of one pencil and one mathematical E:; 1
instrumental box is:
a) 5 (c) 2z
b) %10 (d)122z
g =15 (iii) The value of z is
d) 220 ()3
(v) The cost of one pen, one pencil and one (b) 4
mathematical instrumental box is: (c) 5
a) 10 (d)6
b) 15 (iv) The value of x + 2 y is
0 322 (EY%)
d 325 (b) 10
2. The management committee of a residential (c)11
colony decided to award some of its members (d)12
(say x) for honesty, some (sayy) for helping (v) The value of 2x + 3y + 5z is
others and some others (sayz) for supervising the () 40
workers to kept the colony neat and clean. The
sum of all the awardees is 12. Three times the (b) 43
sum of awardees for cooperation and supervision (c) 50
added to two times the number of awardees for (d)53

@ www.stepupacademy.ind.in () @stepupacademyindia €) @stepupacademyindia () @stepupacademy_



@ Step Up Academy

| 49

Answer Key

Multiple Choice Questions-

1.
2.

w

©® N o o

Answer: (a) 6

Answer: (c) k3|A|

Answer: (c) Determinant is a number associated
to a square matrix

Answer: (d) 12, -2.

Answer: (d) a11A11 + az1Az21 + az1As1

Answer: (b) |A|?

Answer: (c) 9

1
det(A)

Answer: (b)
Answer: (a) 0

xt 0

10. Answer:(a)| 0 y*' 0

0 0 z!

Very Short Answer:

1.

Solution:

Co-factor of a23 = (-1)2+3
23=(-1) L5

)
=(-1)5(5x2-1x3)
=(-1) (10-3)
=) (7)=-7.
Solution:
1 __1
|(AB) |_ 6

11
:> —_——m ——
|AB| 6

1 1

:> —_— —

|4llB| 6

1 1
= —=——
2B 6
Hence |[B| =3
Solution:
Given

l+m+n m+n+l n+l+m
det.= n I m
2 2 2

[Applying R; = R, +R,]

111
=(l+m+n)jn | m|.
2 2 2
Hence, (1 + m + n) is a factor of given determinant.
Solution:
|2-adj. Al =23 A3
=8(9)
= 648.
Solution:
We have: AB = 21
~ |AB]| = | 21|
= |A]|B| = |2]|
= 2|B|=2(1).
Hence, |B| = 1.
Solution:
|A. (adj. A) | = [A]"
=4nor 16 or 64.

Solution:

- - 53

(i) az;= 1 2
=(5)@2)-1)3)
=10-3=7.

i =(-1)3+2 58

(i) asz=(-1) 5 1
=(-1)*[(5) (1) - (2) (8)]
= (1) (5- 16)
=(-1(-11) =11

Solution:

2 -1
Here |A|:L- 3 }

Now A11 = Co-factor of 2 = 3,
A12 = Co-factorof -1=-4,
Az1 = Co-factorof 4 =1

and A2z = Co-factor of 3 = 2

2

3 4 3 1
Hence, adj. A= =
1 2 —4 2

3 4
Co-factor matrix = 1
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9. Solution:

2 -3
(i) Wehave, A=
-4 7

2 -3
|A|=L4 7}
=(2) (1) - (4) (-3)
=14-12=2#0,

~ Al exists and

Alziadezl[7 3}
|4 214 2

(i) RHS.=91-A
1 0] [2 -3
:9 —_
G
9 0] [-2 3
= +
o o7 3]
[9-2 0+3] [7 3
lo+4 9-7| |4 2
L 7 3
2|4 2
=2A'=LHS.

10. Solution:

5-x x+1
2 4

5-x x+1
=0
P

The matrix [ } is singular

=
= 4(5-x)-2(x+1)=0
= 20-4x-2x-2=0
= 18-6x=0
= 6x=18.
Hence, x = 3.
Long Answer:

1. Solution:

a+b+c a+b a+c
LHS.| - a+b —a+c)
-b —a+b) a+c

[Operating C, - C, + C, and C; — C; + C,]

a+b+c 1 1
=(a+b)(a+c)| -c 1 -1
-b -1 1

at+b+c 1 2
=(a+b)(a+c)| -c 1 0
-b -1 0
[Operating C; — C; + C,]
=(a+b)(a+c)(2)[c+Db]
=2(a+b) (b+c)(c+a)=R.H.S.

Solution:

We have
a -1 0
f(X)=lax a -1
ax* ax a
1 -1 0

[Taking a common from C, ]

1 0 0

=a|lx a+x -1

X2 ax+x2 a

[Operating C, - C, + C/]

=al(a +x) a+ (ax + x?)]

=ala2 + ax + ax + x?)|
=a(x*+2ax+a?)

=a(x + a)?

f(2x) = a(2x + a)?

f(2x) - f(x) = a[(2x + a)? - (x + a)?]

= a[(4x? + 4ax + a?) - (x% + 2ax + a?)]

= a(3x?% + 2ax)

= ax(3x + 2a)
Solution:

1 1 1+3x
L.H.S. =|1+3y 1 1

1 1+3z 1

1 0 3x

=143y -3y -3y
1 3x 0

[Operating C, - C, - C; and C; > C; - C4]

-3y -3 1+3y -3
Y B P e A
3z 0 1 3z
[Expanding by R, ]

(0 +9yz) + 3x(3 z + 9yz + 3y)
=9(3xyz + xy + yz + zx) = RHS
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4, Solution:

a b—c c+b
LHS.=la+c b c-a
a-b b+a ¢

a  b-c c+b

1
==|l*+ac b c-a

a—ab b+a ¢
[Operating C; — a C,]
a?+b*+c® b-c c+b
:1c12+b2+c2 b c—-a
a+b*+c®* b+a c
[Operating C1 — C; +b C, + c C4]

" 1 b-—c c+b
=Z(@+b*+c* )1 b c-a
a

1 b+a c

[Taking (a, + b, + c,) common from C,]

L 1 b—c c+b
=Z(@+b*+c*)[0 ¢ -a-b
a 0 a+c -b

[OperatingR, > R, -R; & R; > R; - R|]

—-a-b
-b

L)) €
a a+c

2 2 2
a +b+c
== "~ [~-bc+a* +ac+ba+bc]

:M(a)(a+b+c)

=(a+b+c)(a® +b*+c*)=RHS.

Case Study Answers-
1.

) (@32

(i) (d)%17

(i) (a)¥7

(iv) (d) %20
(v) (c)X22

D (d12
(ii) (b)-z
(iii) (c)5
(iv) ()11
(v) (b)43

Assertion and Reason Answers-

(e) Both A and R are false.

Solution:

1 2

Minor of element 6 =M, = ‘1 1

‘ =1-4=-3
Given Assertion [A] is false Also we know
that minor of an element a; of a matrix is the
determinant obtained by deleting its it row
and jt" column.

Given Reason (R) is also false

Both Assertion [A] and Reason [R] are false
Hence option (e) is the correct Answer.

(b) Both A and R are true but R is not the correct
explanation of A.

Solution:

Here,

|2AB|=23|AB|=8|A||B]|
=8x3x-4=-96

Assertion [A] is true
{|kA|=kn|A|and|AB|=|A[|B|}

Also we know that |kA|=kn|A|

for matrix A of order n.
Reason (R) is true But|AB|=|A]||B|is not
mentioned in Reason R.

Both A and R are true but R is not correct
explanation of A Hence option (b) is the
correct answer.
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Continuity and
Differentiability

Top Definitions
1. A function f(x) is said to be continuous at a point c if.

lim f(x)=lim f(x)= f(c)

2. Areal function f is said to be continuous if it is continuous at every point in the domain of f.
3. Iffand gare real-valued functions such that (f o g) is defined at c, then (f g)(x) - f(g(x))-
If g is continuous at c and if f is continuous at g(c), then (f o g) is continuous at c.

4.  Afunction f is differentiable at a point c if Left Hand Derivative (LHD) = Right Hand Derivative (RHD),
(c+h)—f(c) _ . fle+h)-f(c)
h

ie. lim f lim
h—0" h—0" h

orlim
h—0

flx+h)-f(c) flx=h)-f(c) .
h —h

5. If a function f is differentiable at every point in its domain, then }lim
—0

called the derivative or differentiation of fat x and is denoted by denoted by f"(x) or dif(x) .
X

6. IfLHD # RHD, then the function f(x) is not differentiable at x = c.
7. Geometrical meaning of differentiability:

The function f(x) is differentiable at a point P if there exists a unique tangent at point P. In other words, f(x)

is differentiable at a point P if the curve does not have P as its corner point.
8. A function is said to be differentiable in an interval (a, b) if it is differentiable at every point of (a, b).
9. A function is said to be differentiable in an interval [a, b] if it is differentiable at every point of [a, b].
10. Chain Rule of Differentiation: If f is a composite function of two functions u and v such that f = v(t) and

t =u(x) and if both av and dae exist, then ﬂ:ﬂﬂ
dt dx dx dt dx

11. Logarithm of a to the base b is x, i.e., logba = x if b* = a, where b > 1 is a real number. Logarithm of a to base b
is denoted by logpa.

12. Functions of the form x = f(t) and y = g(t) are parametric functions.

13. Rolle’s Theorem: If f: [a, b] = R is continuous on [a, b] and differentiable on (a, b) such that f(a) = f(b), then
there exists some c in (a, b) such that f'(c) = 0.

14. Mean Value Theorem: If f: [a, b] — R is continuous on [a, b] and differentiable on (a, b), then there exists

f(b)-f(a)
b-a

some cin (a, b) such that f’(c)=lim
h—0
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Top Concepts

1. A function is continuous at x = c if the function is defined at x = c and the value of the function at x = c equals
the limit of the functionatx = c.

If function f is not continuous at ¢, then f is discontinuous at c and c is called the point of discontinuity of f.
Every polynomial function is continuous.

The greatest integer function [x] is not continuous at the integral values of x.

SR SR

Every rational function is continuous.

Algebra of continuous functions:

i.  Letfand g be two real functions continuous at a real number c, then f + g is continuous atx = c.
ii. f-giscontinuousatx=c.

iii. f.gis continuousatx=c.
iv. (f}) is continuous at x = ¢, [provided g(c) # 0].

v. Kkfis continuous at x = ¢, where k is a constant.
6. Consider the following functions:

i.  Constant function

ii. Identity function

iii. Polynomial function

iv.  Modulus function

v.  Exponential function

vi. Sine and cosine functions

The above functions are continuous everywhere.
7.  Consider the following functions:

i.  Logarithmic function

ii.  Rational function

iii. Tangent, cotangent, secant and cosecant functions

The above functions are continuous in their domains.

8. Iffis a continuous function, then |f| and % are continuous in their domains.

9. Inverse functions sin'lx, cos!x, tan'lx, cot! x, cosec! x and seclx are continuous functions on their
respective domains.

10. The derivative of a function f with respect to x is f'(x) which is given by f’(x) :}Iirr(}
.

flx+h)- f(x)
h

11. Ifafunction fis differentiable at a point c, then it is also continuous at that point.
12. Every differentiable function is continuous, but the converse is not true.
13. Every polynomial function is differentiable at each x € R.
14. Every constant function is differentiable at each x € R.
15. The chain rule is used to differentiate composites of functions.
16. The derivative of an even function is an odd function and that of an odd function is an even function.
17. Algebra of Derivatives
If u and v are two functions which are differentiable, then

i.  (uxv)’=uty’" (Sum and Difference Formula)

ii. (uv)’=uv+uv’ (Leibnitz rule or Product rule)

. uY uv-uv .
iii. (—j =———V# 0, (Quotient rule)
1% 1%
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18. Implicit Functions

If it is not possible to separate the variables x and y, then the function f is known as an implicit function.
19. Exponential function: A function of the form y = f(x) = b*, where base b > 1.

1. Domain of the exponential function is R, the set of all real numbers.

2. The point (0, 1) is always on the graph of the exponential function.

3. The exponential function is ever increasing.
20. The exponential function is differentiable at eachx € R.
21. Properties of logarithmic functions:

i.  Domain of log function is R*.

ii.  The log function is ever increasing.

iii. For X’ very near to zero, the value of log x can be made lesser than any given real number.

22. Logarithmic differentiation is a powerful technique to differentiate functions of the form f(x) = [u(x)]v®.
Here both f(x) and u(x) need to be positive.

23. To find the derivative of a product of a number of functions or a quotient of a number of functions, take the
logarithm of both sides first and then differentiate.

24. Logarithmic Differentiation
y=a
Taking logarithm on both sides
logy =log ax.
Using the property of logarithms
logy=xloga
Now differentiating the implicit function:
;& =loga

d—yzyloga:axloga
dx

25. The logarithmic function is differentiable at each point in its domain.

26. Trigonometric and inverse-trigonometric functions are differentiable in their respective domains.
27. The sum, difference, product and quotient of two differentiable functions are differentiable.

28. The composition of a differentiable function is a differentiable function.

29. Arelation between variables x and y expressed in the form x = f(t) and y = g(t) is the parametric form with t
as the parameter. Parametric equation of parabola y2 = 4ax is x = at?, y = 2at.

30. Differentiation of an infinite series: If f(x) is a function of an infinite series, then to differentiate the function
f(x), use the fact that an infinite series remains unaltered even after the deletion of a term.

31. Parametric Differentiation:

Differentiation of the functions of the form x = f(t) and y = g(t):

dy
dy _de
dx dx

dt
& _dy dt
dx dt dx
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32. Letu =f(x) and v = g(x) be two functions of x. Hence, to find the derivative of f(x) with respect g(x), we use
the following formula:

du
du gy
dv dv
dx

2
33. If y = f(x) and Y f'(x) and if f(x) is differentiable, then i(d—yj:d—); or f'(x) is the second order
dx dx\dx ) dx

derivative of y with respect to x.

34. Ifx=f(t) andy = g(t), then
#y_ 4 s0)]

dx®  dx | f(t)
d*y d{g’(t)} dt

or —S=—q=——<r"—
dx®> dt | f(t)] dx

or &y g ®=90) "1
dXz {f/(t)}g

Top Formulae

1. Derivative of a function at a point

Foo=tim e h})} ~f(x)

h—0
2.  Properties of logarithms

log(xy) =log x +logy

log(ij =logx—logy
y

log(x”)=ylogx

log, x = lOg_bX
log, a

3. Derivatives of Functions

d -
—x"=nx""
dx

d .
—(sin x)=cos x
7 510 X)

d .
—(cos x)=-sinx
J C0SX)

i(tan x)=sec’x
dx

d
—(cot x)=—cosec’x
dx

d
—(sec x)=secx tan x
dx
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d
—(cosec x) =cosecx cot x
dx

d 1
g | =_
dx(ogeX) "

i(logax)z ! ,a>0,a=1
dx xlo

e

i(ax) =a*log,a,a>0
dx

i(sin‘1 x)= !

dx 1-x*
i(cos’1 x)=— !
dx 1-x*
d 1 1
—(tan x)=

dx ( ) 1+x2

d 1 1
—(cot™ x)=-

dx ( ) 1+x°

i(sec’1 x)=

1
dx |x|Vx* -1

X\/x2 -1

if [x|>1

di(cosec"1 X)= Jif |x[>1
X

— 2 2,x>1
1+x
d sinl( szj _]_2 -, —1<x<1
dx 1+x 1+x
— 2 > x<-1
1+x
2
— x>0
d cos? 1-x* _ 1+x*
dx 1+x2 -2 X <0
1+x2’
L x<-lorx>1
i{tanl( 2x j}: 1+x*
2 _
dx 1-x 22,—1<x<1
1+x
3 2,1<x<1,—1<x<—%
d . -1 3 1-x
—{sin"(3x—4x° |; =
s T
1—x2, 2
—\/372,—1<x<1
di{cos’l(llx3 —3x)}= ;—x ) L )
X ,——<Xx<—or—-l<x<-—=
1-x* 2 2
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3

1 1
— X< ———O0rXxX>—
d [ 3x-x3 1+x2 «/37 «/§
—<{tan =
dx 1 1

3

1+x? _ﬁ \/§

di_sin(sin’1 x)}:l, if-1<x<1
x L
di cos cos~ x} 1,if-1<x<1
X
di tan(tan™ x} 1,forallxeR
X
_ el

E _cosec(cosec x)] =1,forallxeR—-(-1,1)
dr -1
E _sec(sec x)] =1,forallxeR—(-1,1)
d—_cot(cot_1 x)] =1,forallxeR
xL

-1, —3—Tc<x<—E

2 2

d 1,—E<x<E
—[sin*1 (sinx)} = 2 2
dx T 3

-1, —<x<—

2 2
1, 3—n< <5—7t
2 2

d -1 _ 1,0<X<TC
eos™ (comn)] | T

—[tan’1 (tanx)} ={1, nn—g <x <g+mt, neZ

dx

dr.
E[sec (secx)} =

—| cosec™!(cosec x) |=
- ( )

1,—E<x<00r0<x<E
2 2
T 3
-1,——<x<mor0<m<x<—
2 2
1,0<x<£or£<x<n
2 2

3t 3m
-1, T<x<—or—<x<2m
2 2

i[cot’1 (cotx)} =1,(n-Drn<x<x<nmneZ

X

4, Differentiation of constant functions

1.

Differentiation of a constant function is zero, i.e.

d j—
E(C) =0

If f(x) is a differentiable function and c is a constant, then cf(x) is a differentiable function such that

LoD =c2 ()
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5. Some useful results in finding derivatives
1. sin 2x=2sinxcos x
2. sin2x=2cos’x-1

3. cos2x=1-2sin’x

. 2tanx

4. 51n2x:—2
1+tan”x

1—tan®

5. cost:¢zx
1+tan“x

2tanx

6. tanZX:—2
1-tan“x

7.  sin 3x = 3sin x - 4sin®x
8. cos 3x=4cos3x-3cosx

3tanx —tan® x
9. tan3x =
1-3tan“x

10. sin'x+sin™' y=sin™ {x\/l—yz J_ryxll—xz}

11. cos'x+cos ' y=cos’ {xyixll—xlel—yz}

+
12. tanlxitanly:tanl(x_y]
1xxy

13. sin’1x+cos’1x:§,if—1£xsl

14. tan‘x+cotlx= g, forallxeR

15. sec !x+cosec'x =g, if x €(—o0,~1]U[1, )

16. sin"'(-x)=-sin""x, for x e[-1,1]
17. cos™ (-x)=mn—cos ™' x,for xe[-1,1]

18. tan! (—x) =—tan'x, forxeR

19. sin'x=cosec (l) if x e(—o0, 1] u[l, )
X

20. cos tx=sec’ (l) if x &(—o0, 1] U[1,0)
X

cot™? (1) if x>0
X

—m+cot™? (lj, if x<0
X

21. tanlx=

s

22. sin!(sin0)=0,if = <0<
272

23. cos ' (cos0)=6,if0<0<n
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24, tan_l(tanG)ze,if—g<6<g

25. cosec *(cosec0)= 91f—§<9< ,020

26. sec'(sec0)=0, if0<9<7t,6¢g

27. cot*(cot0)=0if 0<O<m

6. Substitutions useful in finding derivatives

If the expression is then substitute

1. a%?+x?2 x=atan 0 oracot6
2. a?-x? x=asin®oracos9
3. -a? x=asecBoracosecH

’a+x
N X=acos 20
a-—x

a* —x* a* + x*
5. \/ \/ x2=a?cos 20
a* + x* a* —x*
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Class : 12th Maths \
\ Chapter- 5 : Continuity and Differentiability /

Supposefmawalﬁ.mchononasubsetoftheralnumbmandlet'c’beapomtmthedomamoff
5 Then fis continuous at c if lim f (x)= f(c) :
_ Arealfunchonflssaldhobeoonhnuous:fltlsconhnuousatevery
: point in the domain of . Foreg"l'heﬁmchonf(x)=l,x$0 is continuous

Let 'C' be any non-zero real number, then lim f(x )Ilm—-1 For ¢=0, f(c)--so hmf(x)-f(c)
andhenoeflsoonhnuousateverypomtmthedomamo i

............................................

Supposefxsareal function and ¢ is a
§pomt in its domain. The derivative of
gfatcxsf(c) hmMc—) :
gEvery dlfferenbable funchon is continuous,§
ibut the converse is not true.

.]hus i J)[pmedf(t)*o
dx f(t)

: Foreg if X= acos®, ¥ = asin® then — =-asin@and gritssameon fdtw ..... sy
: : Suppose fand g are two real functions:
: a0 _ 0 : ;
Drssusssuiansiassiniivinssirmasd st -real number ¢, then, f+8, f-g, f.g and

tLety=f(x) then% = f'(x)if f1(x) is [ are continuous at x=c¢ (g (c)# 0).
: ! : 8
; diszemnﬁab]e' then %(%]- %f'(x) ie., T T ? ...........
%;;l = f"(x)is the second order derivative of y wrkxi ;J
§For¢g:ify=3x‘+2,theny‘=61andy"=6. : /—w
------------------------------------------------------------- o Alsebr‘ L 5 /
---------------------------------------------------------------- ) A g 3 co"unuous fun“‘ons {
 if f:[a,b]— R is continuous on [, b] and i : Rolles \, , lficf’;tri::::gballr;:y e
: : differentiable on (a, b). Such that f(a)=f(b),: \ " . :
_then3somecin@h)stf(©O=0. *
£ if f:[a,b]-> R continuous on [4, b] and 1f f=vou, f=3() o ﬂboth L B0 o its, then 0
dx&erenhable on (a, b). FO)-f@) 3 dx’ dt dx dt dxi
{ Then 3 some cin (1, b) such that f' (c)- g i
e.g Let f(x) =x* defined in the interval
2, 4]. Since fx)=+ is continuous in [2, 4] g s
L e ety o) fule)
@)= —l—f@ 81 e ) 1°8y=v(x)1°8[“(X)] :
._ 2 : ——v(x >_u(x) '(x)+ v'(x)log[u(x)]

N0 —(s“‘"x)- 7=, (i) %(C“‘" ‘)="7;1=7 i o(x)
=X : : ' '
o e § Yoy u'(x)+0' (x)log[ u(x)]

(m) (tan x)- o (iv) (cot x)- - 1 i u(x) :
: : For e.g.: Lety=a*Thenlogy = xlog a%

(V)E(sec' x)=ﬁ (Vi)E(cosec"x)=-ﬂi;_x;§ 11

. =loga

Haas d x x ua 1 H : g

(vu)z(e )=e (vm)z(logx)=; dyy dx

H sessssssssssnssnsrennn s ' e 1 = xl }
7 ~Yloga=a'loga
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Important Questions

Multiple Choice questions-

1.

The function

Flx)= Si%ﬁ%osx, if x#0
k, ifx=0
is continuous at x = 0, then the value of ‘K’ is:
(@ 3
(b) 2
(0 1
(d) 1.5

The function f(x) = [x], where [x] denotes the
greatest integer function, is continuous at:

(@) 4

(b) -2

(0 1

(d) 1.5

The value of ‘k’ which makes the function defined
by

Flx)= sin%, if x#0
k, ifx=0

continuous atx=0is

(a) -8
(b) 1
(0 -1

(d) None of these.
Differential coefficient of sec (tan! x) w.r.t. x is
X

N1+x2

X

(a)

(b)

1+x2

() xvJ1+x?
1

V1+x?

1—
1+

(d)

Ify=log ( :) then Z—Z is equal to:

(a)

4x3
1-x*

(b)

—4x
1— 4

10.

1
4—x*

()

—4x3
1-x*

If y=./sinx+y,then Z—y is equal to
X

COSX
2y-1

(d)

(@

COSX
1-2y

(b)

sinx
1-2y

()

sinx
2y-1

(d)

= sin-1 (<2 = tan-1 (-2 v
If u=sin-1 [1+X2) and u = tan-1 (1_X2) then S
()12
(b) x

1-x2
() 1+x2

(1

2
Ifx=1t%y =13 then 9 4s

dx?
(@)2
(b) =
OF:
CIE

The value of ‘c’ in Rolle’s Theorem for the
function f{x) = x* - 3x in the interval [0, V3] is

(a)1
(b) -1

(©3
(4

The value of ‘¢’ in Mean Value Theorem for the
function fix) =x (x- 2),x€[1, 2] is

(@)
(b)=
©;

(4>

@ www.stepupacademy.ind.in

©) @stepupacademyindia

€) @stepupacademyindia (@) @stepupacademy_



Step Up Academy @

62 |
Very Short Questions: 2.  Find the values of ‘p’ and ‘q’ for which:
1. Ify=log (cos ex), then find Z—z 1_5123 X ifx<X
. . . 3cos” x
2. Differentiate cos {sin (x)2} w.r.t. x. .
3. Differentiate sin2(x2) w.r.t. x2. b, if x = E
4. Find Z—y, if y + siny = cos or. M’ if x
* (n—2x)? 2
1 1
il {_o.2)| _
5. If y=sin (6x 1-9x ), _3\/§<X<_3\/§ then is continuous at x = 2
dy 3. Find the value of 'k’ for which
find =.
dx V1 +kx —\1—kx o 1<x<0
6. Isittrue thatx = elogx for all real x? f(x)= X ' B
7. Differentiate the following w.r.t. x : 3x+2, 2x +11 , if0<x<1
X —
8. Differentiate log (1 + 6) w.r.t. sin-16.
dy is continuous atx =0
9. Ify=xfind—. . , s
dx 4. For what values of ‘@’ and ‘b\ the function ‘f
defined as:
10. If y=+42¢ +\/2X +4/2° +.....+000 then prove that
d 3ax+b ifx<1
(Zy—l)d—';/:ZXlogZ. fl)=4 11  ifx=1
Sax-2b ifx>1

Short Questions:

1.

Discuss the continuity of the function: f(x) = |x| at
x=0.
IFf(x) = x + 1, find = (fof) ().

cosx—sinx.

Differentiate tan-1 ( ) with respect to x.

cosx+sinx

Differentiate: tan! [ o ) with respect to x.

Write the integrating factor of the differential
equation:

(tanly -x) dy = (1 +y?) dx.

Findd—y if y=sin™! 5X+12 ]
dx

Find Ll if y=sin™!
dx

6x 41— 4x}

n
Ify={x+\/x2+a2} prove that d

X x2 +a2

Long Questions:

1.

Find the value of ‘@’ for which the function ‘f

defined as:
LT
asin—(x+1), x<0
fx)= .
tanx —sinx
—, x>0

X3

is continuous atx=10

is continuous at x = 1.

Assertion and Reason Questions:

1.

Two statements are given-one labelled Assertion
(A) and the other labelled Reason (R). Select the
correct answer to these questions from the
codes(a), (b), (c) and (d) as given below.

a) Both A and R are true and R is the correct
explanation of A.

b) Both A and R are true but R is not the correct
explanation of A.

c) Aistrue butRis false.
d) Aisfalse and R is true.
e) Both A andR are false.

Assertion(A): f(x)={|x|+,/x—|x|, x>0

sinx x<0

is continuous at x = 0.

Reason (R): Both h(x) =

(1
sin| — |, x#0

x2, g(x)= (xj
0 x=0

are continuous atx = 0.
Two statements are given-one labelled Assertion
(A) and the other labelled Reason (R). Select the

correct answer to these questions from the
codes(a), (b), (c) and (d) as given below.
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a) Both A and R are true and R is the correct
explanation of A.

b) Both A and R are true but R is not the correct
explanation of A.

c) Aistrue butRis false.
d) Ais false and R is true.
e) Both A and R are false.

Assertion (A): The function
x|+, /x —1x|, x=0. .
f(x)= | | | | is continuous
sinx x<0
everywhere.

Reason (R): f{x) is periodic function.

Case Study Questions-

1.

If a relation between x and y is such that y cannot
be expressed in terms of x, then y is called an
implicit function of x. When a given relation
expresses y as an implicit function of x and we

.. d . .
want to find d—z, then we differentiate every term

of the given relation w.r.t. X, remembering that a
tenn in y is first differentiated w.rt. y and

then multiplied by Z—Z.
Based on the above information, find the value

ofj—i in each of the following questions.
I. B +xty+xy+y =81

(3x2 +2xy + yz)

a
(=) x% +2xy +3y*

—(3x2 +2xy + yz)
X% +2xy+3y°

(b)

© (3x* +2xy—y*)
x* +2xy+3y*
3x2+xy+y°

d
(@ x? +)g/+3y2

ii. xV=e""7

Xy
@ iiogn)

X+y

() (1+log x)

X—y
(c) x(1+log x)

X+y

(@ x(1+log x)

iii. €™M =xy

(a) -y
x(ycosy—1)
b —L—
ycosy—1
o —L
ycosy+1
@ —2L
x(ycosy—1)

iv. sin®x+cos’y=1

sin2y
sin 2x

sin 2x
sin2y

(b) -

_sin2y
sin 2x

(c)

sin 2x

d
(@ sin2y

. y:(\/;) el

2

@ Sayiogn)
(b) %

© ﬁlg)
O T

If y = f(u) is a differentiable function of u and u =
g(x) is a differentiable function of x, then y =

f(g(x)] is adifferentiable function of x and

d_yzd_yX@' This rule is also known as CHAIN
dx du dx
RULE.

Based on the above information, find the
derivative of functions w.r.t. x in the following

questions.
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i. cos«/;
—sin\/;
2Jx (d) —seczg

oy Sl o1 (x) 1 (x
24/x iv. Etan 3 +=tan"| ~

x
(c) sec’Z

(a)

a a
(© siny/x - 1 . 1
(d) —sinvx X2 +b* Xt +d
il 1 1
. 7 X (b) x2+b2+xz+a2
2 1
X =1\ x+ 1 1
(@) -7 x-log7 C _
X (<) X+ X +d®
2 ol (d) None of these
) [ 7% 10g7
X v. sec'x+cosec!
) L x2-1
() X ;1 ~7X7-log7 2
X (a)
xt-1
2 1
@ | X2 7 og7 b 2
2 (b) —
x“ -1
1—-cosx 1
- 1+cosx ()
|x|\/x2—1
(@) 1secZi 2
22 (d)
|| xt-1

1 -,x
b) —=sec”—
(b) 5 >

Answer Key

Multiple Choice Questions- 9. Answer: (a) 1
1. Answer: (b) 2

10. Answer: (a) §
2. Answer: (d) 1.5. 2

3. Answer: (d) None of these. Very Short Answer:
4. Answer: (a) 2 1. Solution:
V1+x We have: y = log (cos e¥)
—4x dy
5. Answer: (b) = —sine" )-e*
—x* dx cose® ( )
6. Answer: (a) zcosxl =-ettanes
Y- 2. Solution:
7. Answer: (d) 1 Lety = cos {sin (x)2}.
d o ay , .
8. Answer: (b) % é = - sin {sin (x)2}. d—i {sin (x)?}

@ www.stepupacademy.ind.in ) @stepupacademyindia ) @stepupacademyindia (&) @stepupacademy_



@ Step Up Academy

| 65
_ . . dy
= - sin {sin (x)2}. cos(x)? — (x?) d_y _ 1 and du_ 1 .
do 1+0 do  J1-¢?
= - sin {sin (x)2}. cos(x)?2x
= -2x cos(x)? sin {sin(x)Z}. dy _ dy / d6
3. Solution: du du/d
. 1
Lety = sin%(x2). i
. __1+6 _ [1-0
é = 2 sin (x?) cos (x2) = sin (2x2). 1 1+6
/ 2
4. Solution: 1-0
We have: y + siny = cos x. 9. Solution:
Differentiating w.r,t. X, we get: Herey =x*..(1)
Y, cos y. Y dinx Taking logs., log y = log x
dx dx
o = logy=xlogx.
(1+cosy) 7, =-sinx Differentiating w.r.t. x, we get:
dy _ sinx 1 dy _
Hence, - Ticosy S o X 1x +logx. (1)
wherey # (2n+ 1)m, n € Z =1+logx.
5. Solution: Hence, % =y (1 +logx) dx
Here y=sin! (6)(\/1—9)(2 ) =x* (1 +log x). [Using (1)]
10. Solution:
Put 3x =sin 6.
The given series can be written as:
y =sin'! (2 sin 6 cos 8)
_ X
=sin’ (sin 20) = 26 y=NZ+y
=2 sin! 3x Squaring, y2 = 2x+y
dy 6 = y2 - y = 2X.
dx  J1_ox? Diff. w.r.t.x, (2y -1) 2 = 2xlog 2.
6. Solution: Short Answer:
Th i i i = elogx
e given equationisx =e 1. Solution:
This is not true for non-positive real numbers. )
— -x,if x<0
[~ Domain of log function is R+] By definition, f(x)= X if x>0
N f let y = elogx
owety=¢ lim f(x)= lim (~x)
Ify > 0, taking logs., x07 X207
logy =log (e'sx) = log x.log e = ;Ii_r)r(}— (0-h))
=logx.1=logx —lim—(h)=0
h—0
S>y=X
Hence, x = elosx is true only for positive values of x. ,}er} fx)= ,}L‘}} (x)
7. Solution: =lim—-(0+h)
h—0
Lety = 3x+2,
dy 4 = Ling (m=0
— = 3x+ el >
o 3x+2Jog3. o (x+2) N o
= 3%+2 Jog3.(1 + 0) so fl0)=
Th lim = lim =f(0
=3x+2.Jog 3 = log 3 (3*+2). us XLO,f(X) XLW f(x)=f(0)
8. Solution: [+ Each =0]
Lety =log (1 + 6) and u = sin"16. Hence ‘f’ is continuous at x = 0.
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2.  Solution:
We have : f(x) =x+1 ...(1)
=~ fof(x) = f (f(x)) =f(x)+ 1
=(x+1)+1=x+2.
fa(fof)(0)) == (x+2)=1+0=1.

3. Solution:

COS X +sin x

—tan~! 1—-tanx
1+tan x

_1[ cos x—sin x
Let y—tan (_j

[Dividing num. & denom. by cos x] 7,

=tan! (tan(g —xD = g -X

Differentiating (1) w.r.t. x,

= & =-1
dx
4, Solution:
1 + cosx
Let y= tan™
sinx
2cos
=tan "
251nx Cos—
=tan cot—
o)
=tan! (tan r —ED _Ir.X
2 2 2 2 8
dy o 1__1
dx 2 2

5. Solution:
The given differential equation is:
(tan'ly -x) dy = (1 +y?) dx

dx X tan' y
-t 2= 2
dy 1+y

.[12

dx ~
SJLF = =y

Linear Equation
1+y

6. Solution:

2
We have: y=sin™! {M%}

! 2

I 12 7 12
=sin!| x,[1-| = | +41-x*-2=
(13) 13

(Note this step)

=sin! x +sin!

[ sin! A+sin”! B=sin! (,4\/1—132 +BJ1-A? )}

dy 1 1
L= +0= ,1xl<1
dx  J1-x° J1-x° 3
Solution:

We have: y=sin™

=sin™(2x)-sin =

Hence, — (2)-0=

2
~/1 (4x)* \/1—4x2

Solution:

n{x+\/x2 +az}
X% +d? id®
[Using (1)]

which is true.
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Long Answer: (1—cos h)(1+cos? h+cos h)
1. Solution: h—0  3(1-cos h)(1+cosh)
2
lim f(x)=lim asinE(x+1) = 1m1+COS—h+COSh
x>0 x>0 2 h—0  3(1+cos h)
zlimasinE(O—h+1) :1+1+1:1
o0 2 3(1+1) 2
LT .
= asmE(O -0+1) lim f(x)= hm q(1-sinx)
PN x—)— (TE 2x )
- 2
=asin—=a.1=a
2 n
_ q{l—sin(2+hﬂ
hm | £(x)= lim tanx—351nx ~lim .
x—0" N
[n — Z(TE + hﬂ
L fan(0+h)—sin(0+h) 2
h—0 (0+h)® lim g(1—cos h)
. _tanh-sinh -0 (11— 1 —2h)?
=lim———
h=0 h q[l cos h)
. _sinhl-cosh 1 h—>0 4h*
=lim .
h>0 h W cosh 2
L q sin—
2 =lim=+| —&
.S sty 111288 h
=lim lim lim =
>0 h h>0 K- h>0cosh 2
z e =4
sin— 1 B 8(1) 3
=1-=lim| —= | -
2h>0  h cos0 Also f[ %=
2 S0 5|~
-1. (1)2 1_ 1 For continuity lim __ f(x)=lim . f(x)
1 2 xo— xo—
Also f(0) =asin /2 (0+1) -
= f —_
=asinm/2=a(1)=a (2)
For continuity, . 1__ q_
lim_, f(x)=lim_, f(x)=f(0) 2 8 "
=a=1/2=a Hencep=1/2and q=4
Hence,a=% Solution:
2. Solution: N /1 +kx — /
5 llrn f(x)=
lim f(x)= 11 ﬂ
1™ IR = 3cos?x
2
(J1+kx 1=l )(Vi+ex +\/1—Io()
. 3( T = lim
) 1-sin (Z—hj x50 x(VI+hox +4T—kx
=lim———————~
e 3cos?| “—h [Rationalising Numerator]
2
5 im (1+kx)—(1-kx)
= m—1 cos™h X%O'x(\/1+kx +\/1—kx)
h>0 3sinh
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— lim 2kx Case Study Answers:
x>0 X(\/1+ +1- ) 1. Answer:
ok —(3x* +2xy+ y*)
= lim o x#0 2 2
x>0 1+ kx +1—kx [ ] i (b ¥ +2xy+3y
2k Solution:
141 B+xty+x/+y =81
2x+1 .. 2(0+h)+1 d dy d
llmf(X)—XILO w1 }gr(} 0+h)—1 =32 +x* y+2xy+2xy +y*+3y2 = Y0
dx dx dx
20)+1 1 d
== = —1 2 2 _y = — 2 —_ — 2
0-1 -1 = (x“+2xy+3y )dx 3x°-2xy—y
Also f(0)=2(0)+1=i=_1 L dy_-Bx+2xy+y”)
0-1 -1 dx  x*+2xy+3)*
For continuity lim = f(x)=lim . f(x)=f(0) X—y
>k=-1=-1 i (0 Xx(1+logx)
Hence k =- Solution:
Solution:

limx-1 - f(x) = limx-1 - (3ax +b)
= limn-o0 (3a (1-h) + b]
=3a(1-0)+b
=3a+b

limx-1 + f(x) = limx-1 + (5ax - 2b)
= limn-o [5a (1+h) - 2b]
=5a (1+0) - 2b
=5a-2b

Alsof(1) =11

Since ‘f’ is continuous atx =1,

~ limxo1 = f(x) = limx-1 + f(x) = f(1)

=3a+b=5a-2b=11.

From first and third,

3a+b=11 . (D

From last two,

5a-2b=11 . (2)

Multiplying (1) by 2,

6a+2b=22 ceerrerneeeen (3)

Adding (2) and (3),

11a=33

=>a=3.

Putting in (1),

3(3)+b=11

=>b=11-9=2.

Hence,a=3 and b = 2.

x’ =7 = ylogx=x—y

y>< 1 +logx- d_yzl_d_y

dx dx

=> d—y[logx+1]:1—z
dx X

&__x-y

dx x[1=logx]

Yy

i, (d) x(ycosy—1)
Solution:

sm y

=xy=siny=logx+logy

cosydy ! —+= 1dy :d—y{cosy—l}:
y

dx x ydx dx

&y__ vy
dx x(ycosy-1)

sin 2x
iv. (d) Sin2y

Solution:

sin?x+cos? y=1

= Zsinxcosx+2cosy(—sinyg—yj
X

dy _—sin2x _sin2x
dx -—sin2y sin2y
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y2

v. (d x(2-ylogx)
VX .0
() ey

1
= y:y(log«/;):logyzz(ylogx)

Yy, 2y y
dx 2x (2-ylogx) x(2-ylogx)

2. Answer:

—sin\/;
i@ 2V
Solution:
Ldy d . d
..E—E(COS\/;)——SIH\/;‘E(\/;)
=—sin/x x 1 =—sin«/;
20x  2Jx
2 ol
[X 21J-7 Tx -log 7
i (@ X
Solution:
75 Y _df
Let dx dx
e
1 1
:7 X10g7i X_l,_l :7 X.]og7. 1__
dx X x?
2 1
(X 21)7 x.log7
X
1secz—
iii. (@) 2 2

iv.

Solution:

Let

1 1-1+2sin2 >
—COSX 2 X
= =tan(—)

2c052§—1+1

= +
x*+b* x*+a

2
@ |X|\/x2 -1

Solution:

y= sec x+cosec!
x* -1
Let

_ |
put X=secO = O=sec " x

. y=sec !(sec0)+cosec (ﬂj

Jsec?9-1
=0+sint [\/1 —cos? 6}
=0+sin*(sin0)=0+0=20=2sec ' x

b_ 2£(sec*1 X)=2x

1
dx dx |X|«/x2 -1
-2
|x|Vx* -1

*
*

A X X4

L)
L)
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Application of Derivatives 6

1. If a quantity y varies with another quantity x, satisfying some rule y = f(x), then E (or f '(x) represents the

rate of change of y with respect to x and ]x x, (07 f'(x,) represents the rate of change of y with respect to
X at X = Xo.

2. Iftwo variables x and y are varying with respect to another variable t, i.e., if x = f(t) and y =g(t) then by Chain

dy
Rule ¥ = dt f@;&o
dx d/

A function f is said to be increasing on an interval (a, b) if x1 < Xz in (a, b) = f(x1) < f(xz2) for all x1, x2 € (a, b).
Alternatively, if f'(x) > 0 for each x in, then f(x) is an increasing function on (a, b).

3. A function fis said to be increasing on an interval (a, b) if x1 < Xz in (a, b) = f(x1) > f(xz2) for all x1, x2 € (a, b).
Alternatively, if f'(x) > 0 for each x in, then f(x) is an decreasing function on (a, b).

4. The equation of the tangent at (Xo, yo) to the curve y = f (x) is given by

d
y_.)’o:d_y} (x—x,)
X (%0, %)

d . . . L d . .
5. If ﬁ does not exist at the point (%o, yo), then the tangent at this point is parallel to the y-axis and its equation
is X = Xo.
d
6. Iftangentto a curvey = f(x) at X = Xo is parallel to x-axis, then y]x =x=0

7. Equation of the normal to the curve y = f (x) at a point (Xo, yo), is given by
-1
—Yo=—5—(x—x
Y=Y dy} ( 0)
dx (x0,0)
8. IfZ—z at the point (%o, o), is zero, then equation of the normal is x = Xo.

d ) . : . . o
9. Ifﬁ at the point (Xo, o), does not exist, then the normal is parallel to x-axis and its equation is y = yo.

10. Lety =f(x), Ax be a small increment in x and Ay be the increment in y corresponding to the increment in X,
ie, Ay = f (x + Ax) - f (x). Then dy given by dy = f(x) dxordy = (Z—i) dx is a good of Ay when dx x = A is
relatively small and we denote it by dy = Ay.

11. Apointcinthe domain of a function f at which either f'(c) = 0 or fis not differentiable is called a critical point
of f.

12. FirstDerivative Test: Let f be a function defined on an open interval I. Let f be continuous at a critical point

cinl. Then,

i.  Iff'(x) changes sign from positive to negative as x increases through c, i.e., if f '(x) > 0 at every point
sufficiently close to and to the left of ¢, and f '(x) < 0 at every point sufficiently close to and to the right
of ¢, then c is a point of local maxima.

@& www.stepupacademy.ind.in ) @stepupacademyindia €) @stepupacademyindia [E) @stepupacademy_



@Step Up Academy | 71

13.

14.

il

il

If f '(x) changes sign from negative to positive as x increases through ¢, i.e., if f '(x) < 0 at every point
sufficiently close to and to the left of ¢, and f ’(x) > 0 at every point sufficiently close to and to the right
of ¢, then c is a point of local minima.

If f'(x) does not change sign as x increases through c, then c is neither a point of local maxima nor a point
of local minima. In fact, such a point is called point of inflexion.

Second Derivative Test: Let f be a function defined on an interval I and c € I. Let f be twice differentiable at
c. Then,

I.

il

il

X = cis a point of local maxima if f'(c) =0 and f"(c) < 0
The values f (c) is local maximum value of f.

X = cis a point of local minima if f'(c)=0and f"(c) > 0
In this case, f (c) is local minimum value of f.

The test fails if f'(¢) = 0 and f"(c) = 0.

In this case, we go back to the first derivative test and find whether c is a point of maxima, minima or a
point of inflexion.

Working rule for finding absolute maxima and/ or absolute minima

Step 1: Find all critical points of fin the interval, i.e., find points x where either f'(x) = 0 or fis not differentiable.

Step 2: Take the end points of the interval.

Step 3: At all these points (listed in Step 1 and 2), calculate the values of f.

Step 4: Identify the maximum and minimum values of f out of the values calculated in Step3.

This maximum value will be the absolute maximum value of f and the minimum value will be the absolute
minimum value of f.
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Class : 12th Maths
"\ Chapter- 6 : Applications of Derivatives /

If a quantity if ‘y’ varies with another quantity x so that y = f(x), then

i Lety=f(x)Axbe a small increment in 'x' and Ay be the small _ g % [f ’(x)] represents the rate of change of y w.r.t x and dy I ( fex, )) E
3 - :

¢ increment in y corresponding to the increment in 'x, i.e. d : 8
i Ay=f(x+Ax)- f(x). Then, Ay s given by dy=f(x)dx ordy = (l]AX : S represents the rate of change of y wrt. xatx = x,

is a good approximation of Ay when dx=Ax is relatively small and s :
i denote by dy =Ay. For eg: Let us approximate,/36.6. To do this, we take: : If 'x' and 'y' varies with another variable 't'i.e., if x = f () 1
! y=\xx =36, Ax=0.6 then Ay = Vx+dx — V& : E dy _dy dx dx §
g e e | andy = g (f), thenbychamrule %l lfdl #0. :

=\366-6 =V366=6+dy

Now, dy is approxnmately Ay and is given by dy
: dy)
Ax= 0.6 0.6)=0.05. S0,1/36.6 = 6 +0.05 = 6.05.
~(&)ax= 1 (06) = 1= (06)=005. SoN366 -

For eg; if the radius of a circle, r = 5 cm, then the rate
ofchange of the area of a circle per second w.r.t 'r' is —
G =g (nr’)l,.,, =2z, ;=10

da

dr
]

i A point C in the domain of f' at which :
i either f(c)=0 or is not differentiable is

called a critical point of f. i
Applications
of Derivatives
First Derivative test o
Tangents and
Normals
ionland CC-], fis twice Jesasssnssnnssnces snssasesnnensssansasisns aasassssnses sassansassssasaanshiasansansan:
e b e T v Afunctx;mfxssfaldt:;be(l)mcream‘\iggn‘;a,b)nff, <x,m;
(i) x=Cis a point of local max. (a,:): (:1)5 o x,;, :(a,bi,an V(u) ecrea:mg =
HEf (O=0and f' (C) <0 f(C)xs. . xin(ab) = f(%)> f(x)Vxxe (ab)
local max. of . /i Iff(x)20Vxe (ab)then fis increasing in (ab) and if f (x) :
- Eo s B B
: 3x" +4x,xeR, thenf’(x)= X+ x=1)+1>0V xe
lff (C) 0and f' (C)>0. f(C)IS- :
:]oca]mmoff (iii) The test fm]s: i Sothefuncuonflssmctlymcreamngonk
fff ©O=0andf Q=0 i [ i

. ! : The equation of the tangent at (x,,,), to the curve y = f (x) is given by :
fLet fbe continuous at a critical 1 : :
ipoint Cin open L. Then (i) if f* i :
i(x)> 0at every point left of C : : (x;,0) is parallel to the y-axis and its equation is x = x;. If tangent to
: : ‘acurve y = f (x) at x = x, is parallel to x-axis, then—ylu,": 0.

;:(y.-yu) .—_7;]( x,,9,) (X = X if Z;does not exists at (x,,y,), then the tangent at:

iand f (x) <0 at every point right :
gof C, then 'C'is a point of local ~

fmaxima. (i) Iff (x) <0at every § E.................................................................................................................E
ipointleftof Cand f (1) >0at  { iy=f(at(x,y)isy-¥=-—zr (x-x,) if=2Y at (x,.,) is zero,then equation;
: ot . bl dx :
ievery point right of C, then 'C'is { : ax ko) :
§a point of local minima. 5  of the normal is x = x,. If a7 at (x,.¥) does not exist, then the normal is parallel

i(iii) If f (x) does not change sign : £, y.axis and its equation is y=y, For eg: Let y=x'x be a curve,then the slope of }

: &1 haceie topet] e 'C.; the tangent to y=x"-x at x=2 is —‘Q =3x-1=32"1=11 ;
S A U AREIEEERIIIIIE  <veovvcocvievacsoersionasiisvesoreribsiuneiiivilizssvorvanntinseovonevsravoucuivavaversreovensevrousesvibrennses :

o e e S e H
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Important Questions

Multiple Choice questions-

1.

The rate of change of the area of a circle with
respect to its radius ratr = 6 cm is:

(a) 10m

(b) 12

(c) 8m

(d)11n

The total revenue received from the sale of x

units of a product is given by R(x)=3x?+36x+5.
The marginal revenue, when x = 15 is:

(a) 116
(b) 96
(c) 90
(d) 126.

The interval in which y = x* e is increasing with
respect to x is:

(a) (-00, @)
(b) (-2,0)
(c) (2, »)
(d) (0, 2).

The slope of the normal to the curve y = 2x* + 3
sinxatx=0is

(a) 3
(b) 5

(9)-3
(d)-3

The liney = x + 1 is a tangent to the curve y* = 4x
at the point:

(@) (1,2)

(b) (2,1)

(o) (1,-2)

(d) (-1, 2).

If f(x) = 3x? + 15x + 5, then the approximate value
of f(3.02) is:

(a) 47.66

(b) 57.66

(c) 67.66

(d) 77.66.

10.

The approximate change in the volume of a cube
of side x meters caused by increasing the side by
3% is:

(a) 0.06 x*> m®

(b) 0.6 x* m?

(c) 0.09 x*m?®

(d) 0.9 x®*m?

The point on the curve x* = 2y, which is nearest
to the point (0, 5), is:

(@) (22, 4)

(b) (2V2,0)

(c) (0,0)

(d) (2,2).

For all real values of x, the minimum value of
1-x+x2 ,
1+x+x2

(@0
(b) 1
(93
()5

The maximum value of [x (x - 1) + 1]1/3,0<x <1

1S

() Q)
(b) 5
(91

(d) 0

Very Short Questions:

1.

For the curve y = 5x- 2x3, if increases at the rate
of 2 units/sec., find the rate of change of the slope
of the curve when x = 3.

Without using the derivative, show that the
function f(x) = 7x - 3 is a strictly increasing
function in R.

Show that function:

f(x) = 4x3 - 18x2 - 27x - 7 is always increasing in
R.

Find the slope of the tangent to the curve:
x=atl,y=2att=2.

Find the maximum and minimum values, if any,

of the
derivatives:

following functions without using
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() f(x) =(2x-1)2+3 a) Both A and R are true and R is the correct
(ii) f(x)= 16x2 - 16x + 28 explanation of A.
(iii) f(x) = -|x+ 1| + 3 b) Both A and R are true but R is not the correct
) ] explanation of A.
(iv) f(x) =sin2x + 5
c) Aistrue butRis false.
(v) f(x) = sin (sin x).
d) Aisfalse and R is true.
6. A particle moves along the curve x% = 2y. At what

point, ordinate increases at die same rate as
abscissa increases?

Long Questions:

1.

A ladder 13 m long is leaning against a vertical
wall. The bottom of the ladder is dragged away
from the wall along the ground at the rate of 2
cm/sec. How fast is the height on the wall
decreasing when the foot of the ladder is 5 m
away from the wall?

Find the angle of intersection of the curves x2 + y?
=4 and (x - 2)? + y%= 4, at the point in the first
quadrant.

Find the intervals in which the function: f(x) = -
2x3 - 9x2 - 12x + 1 is (i) Strictly increasing (ii)
Strictly decreasing.

A window is in the form of a rectangle
surmounted by a semicircular opening. The total
perimeter of the window is 10 meters. Find the
dimensions of the window to admit maximum
light through the whole opening.

Assertion and Reason Questions:

1.

Two statements are given-one labelled Assertion

(A) and the other labelled Reason (R). Select the

correct answer to these questions from the codes

(a), (b), (c) and (d) as given below.

a) Both A and R are true and R is the correct
explanation of A.

b) Both AandR are true but R is not the correct
explanation of A.

c) Aistrue butRis false.

d) Aisfalse and R is true.

e) Both A and R are false.

Assertion(A): For each real 't', then exist a point

Cin [tt+m] such that f'(C) =0

Reason (R): f(t)=f(t+2m) for each real t

Two statements are given-one labelled Assertion

(A) and the other labelled Reason (R). Select the

correct answer to these questions from the
codes(a), (b), (c) and (d) as given below.

e) Both AandR are false.

Assertion (A): One root of x3-2x2-1= 0 and lies
between 2 and 3.

Reason(R): If f(x) is continuous function and f
[a], f[b] have opposite signs then at least one or
odd number of roots of f(x)=0 lies between a and
b.

Case Study Questions:

1.

An architecture design a auditorium for a school
for its cultural activities. The floor of the

auditorium is rectangular in shape and has a fixed
perimeter P.

Based on the above information, answer the
following questions.

i.  Ifx any y represents the length and breadth
of the rectangular region, then relation
between the variable is

(@) x+y=P

(b) x*+y?=P?
(c) 2(x+y)=P
(d) x+2y=P

ii. The area (A) of the rectangular region, as a
function of x, can be expressed as.

(a) A=px+X
2
®) A:px+x2
© A_px+2x2
2
2
(d) A=%+px2
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iii. School's manager is interested in
maximising the area of floor 'A’ for this to be
happen, the value of x should be.

(a) P

(a) x+_y+g:10

(b) x+2y+%:10

(b)

(c)

(d)

iv.  The value of y, for which the area of floor is

Blo o wlo N|o

maximum, is

(a)

(b)

(c)

(d)

Slo 1T Wl Nl

v. Maximum are of floor is

(a)

(b)

(c)

(d)

P2
16

2
64

2

4
P2
28

il.

iil.

iv.

(c) 2x+2y=10
(d) x+2y+g:10

The are (A) of the window can be given by

x* X

(a] A:X—§—7

2 TEXZ

X
b) A=5x-—-
(b) 3 g

3 2
(© Aoy ™ _3x°
8 8

3 2
(d) A=5x+ 3
2 8

Rohan is interested in maximizing the are of
the whole window, for this to happen, the
value of x should be.

10
(a) o
20
4-—7
20
[Cls—

4+7

10
2+

(b)

(d)

Maximum area of the window is

2. Rohan, a student of class XII, visited his uncle's
flat with his father. He observes that the window
of the house is in the form of a rectangle
surmounted by a semicircular opening having
perimeter 10m as shown in the figure.

«—X MN—>

Based on the above information, answer the

following questions.

i.  Ifx and y represent the length and breadth
of the rectangular region, then relation
between x and y can be represented as.

(@)

(b)

()

(d)

30

4+7
30

4-—x

50

4-m
50

4+7

For maximum value of A, the breadth of
rectangular part of the window is

(@)

(b)

()

(d)

10
4+m
10
4—7

20

4+7
20

4—-1
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Answer Key

Multiple Choice questions-

© © N o 1ok W

=
e

Answer: (b) 12m
Answer: (d) 126.
Answer: (d) (0, 2).
Answer: (d) %
Answer: (a) (1, 2)
Answer: (d) 77.66.
Answer: (c) 0.09 x*m?
Answer: (a) (2 V2, 4)
Answer: (d) %

Answer: (c) 1

Very Short Answer:

1.

Solution:

The given curve is y = 5x - 2x3

d
=5 6x2
dx

ie,m=5-6x2

where ‘m’ is the slope.

2o 12x E = 12 (2) = -24x
dt dt

dm
k3= -24(3) = -72.

Hence, the rate of the change of the slope = -72.

Solution:

Let x1 and x2€ R.

Now x1 > X2

= 7x1> 7X2

=>7x1-3>7%x2-3

= f(x1) > f(x2).

Hence, ‘f is strictly increasing function in R.
Solution:

We have: f(x) =4x3-18 x 2 - 27x -7

s f(x) =12x2-36x+ 27 = 12(x%2 - 3x) + 27
=12(x2-3x+9/4) + 27 - 27
=12(x-3/2)2vV x€R.

Hence, f(x) is always increasing in R.
Solution:

The given curve is x - at?, y = 2at.

d—x =2at
dt

ax _
e
. dy _dy/dt _ 2a _
T dx  dx/dt  2at

2a

. d 1
Hence, slope of the tangent at t = 2 is: d—i]pz =3

Solution:

(i) We have:
f(x) = (2x-1)2+ 3.
Here Df = R.
Now f(x) = 3.

[+ (2x-1)220forall x €R]

However, maximum value does not exist.

[ f(x) can be made as large as we please]
(ii) We have:

f(x) = 16x% - 16x + 28.

Here Df = R.

Now f(x) =16 (x2-x + 14 + 24

= (16(x - >)? + 24

= f(x) = 24.

[+ 16(x-12)2=0forallx€eR

Hence, the minimum value is 24.

However, maximum value does not exist.

[« f(x) can be made as large as we please]
(iii) We have:

fx)=-1x+11+3

= f(x) < 3.

[~-|x+1]<0]

Hence, the maximum value = 3.

However, the minimum value does not exist.

[+ f(x) can be made as small as we please]
(iv) We have:

f(x) = sin2x + 5.

Since-1<sin2x<1forallx €R,

- 1+5 <sin2x + 5 < 1+5 for all xe R

=4 <sin2x+5<6forallx eR

=>4 <f(x)<s6forallxeR.

Hence, the maximum value = 6 and
minimum value = 4.
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(v) Wehave:
f(x) = sin (sin x).
We know that -1 <sinx<1forallx eR
= sin(-1) < sin(sinx) < sin 1 for allx € R
= -sin 1 < f(x) <sin 1.
Hence, maximum value = sin 1 and
minimum value = -sin 1.

6. Solution:
The given curve is x2 = 2y ...(1)

Diffw.r.t.t, 2x d—" =2 Z—f

dx dx
>2x—=2—
dt dt
dy dx .
v —=—glven
dt  dt

From(l),1=2y:y:%

Hence, the reqd. pointis (1, %)

Long Answer:

1. Solution:

Here, ax _ 2cm/sec.
dt

13m

=

v

+ X
Now, 169 =x2 +y2
=  y=+169-x*
dy _ dx

dx 2\/169 X’
=———(2)
\/169 x?
dy}
Hence, —
dt |, s \/169 25

-10 -5
=——=—cm/sec.
12 6

Hence, the height is decreasing at the rate of 5/6
cm/sec.

——()

2. Solution:
The given curves are:
X2+ y2=4 i (D

(x-2)2+y2=4 e (2)
From (2),

y=4-(x-2)2

Putting in (1),
x2+4-(x-2)2=4
=>x2-(x-2)2=0
=>x+x-2)x-x)+2)=0
= (2x-2)(2)=0

=>x=1

Putting in (1),

1+y2=4

=>y=\/3

= Point of intersection = (1, V3)

Diff. (1) wr.t.x, 2x+ Zyd—y =
dx

dy

dXL,«E} - 3

0

Diff. (2) wr.t, 2(x— 2)+2y3—:

dx - a

dy} _i
[1,43] 3

1
So, tan9=‘ ‘/?_’

Hence, 6= s
3

Solution:

Given function is:

f(x) =-2x3-9x2-12x + 1.
Diff. w.r.t. x,

f'(x) =-6x2-18x-12
=-6(x+1) (x+2).

Now, f'(x) - 0
=>x=-2,x=-1

= Intervals are (-0 - 2), (-2,

Getting f’ (x) >01in (-2, -1)

and f'(x) < 0in (-o0,-2) u (-1,

-1) and (-1, ).

o)

= f(x) is strictly increasing in (-2, -1) and

strictly decreasing in (-0, 2) u (-1, o0).

Solution:

Let X’ and ‘y’ be the length and breadth of the

rectangle ABCD.

Radius of the semi-circle = g
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Circumference of the semi-circle = %
ii.
By the question, x+2y +% =10
= 2x+4y+mx=20
20-(2+m)x .
J20-@rmx )
4
, 1 (xY
Area of the figure =xy+—n| —
2 \2
20-(2-m)x _x*
= XT + 7[? 111.
[Using (1)]
_ 2 2
Thus A(x)= 20x=(2+m)x L
4 8
A(x)= 20—-(2+m)(2x) +2_nx
4 8
and A”(x)= —_(2 g + 2n
4 8
_—4-2n+n  —4-7
4 4

or Max ./Min. of A (x),A’ (x) =0

Solution:
Perimeter of floor = 2(Length + breadth)
> P=2(x+y)
px —2x*

c) A=———
() 5
Solution:
Area, A = length x breadth
> A=xy
Since, P=2(x+Y)
N P-2x

> y
A x(P —2x J
2
)
- A Px—2x
2
P

d) —
(d) 2
Solution:

We have, A= %(Px —2x%)

d—A=1(P—4x)=0
dx 2
= P—4X:O:x:E
4
2
Clearly, at X=£,d—A:—2<0
4" dx?

. P
Area of maximum at x :Z

20—-(2 2 2
( Zn)[ 7t)Jr%"zo M) 2
20-(2+mM(2x) +mx=0 Solution:
20+x(m-4-2m) =0 Wehave,y:P_ZX:£—£:£
20-x(4+m)=0 2 2 4 4
p?
x=20_ v. (@) —
4+m 16
Solution:
20
20—(2+m)—— 2
alndbreadth:y:—Al'JrTE A=xy=£ E:P_
4 4 4 16
_80+20mr—-40-20r 40 10 2. Answer:
B 44+n) C44+n) 4+7
X+2 y+% =10
i. (b
And radius of semi-circle = 10 (b) .
4+n Solution:
Given, perimeter of window = 10m
Case Study Answers: X +y +y+ perimeter of semicircle = 10
1. Answer: 2
. = x+2y+n—=10
i. (2(x+y)=P 2
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X2 ’}'EX2

ii. (b) A=5x———-——
ii. (b) X 3 8

Solution:

1 x2
A=x-y+—-m| =
ar [2)

2 4 2 4
X ™
From (i), y=5—-———
[ i), y > 4]
2 2 2 2 2
g X m mE  x me
2 8 2 8
20
111. (C
() 4+7
Solution:
A—S)(—X—z—n—r2
We have, 2 8
= Ma_ ™
dx 4
Now, :—A:O
dx
> S=x+ 2
4
> x(4+m)=20
20
= X=
4+1

2
Clearly, d—A <0atx= el
dx? 4+

: 50
iv. (d) e

Solution:

x—@— 20
At X 4+

2 2
A=s[ 20 ) (20 }1 = 20
4+ 4+m) 2 8\4+m
_ 100 200 50
4+n (4+n) (4+n)

(4+m)(100)-200-50nt _ 400+100n—200-507
(4+ Tc)2 (4+ n)z

200+50n 50(4+m) 50
(4+n) (4+7m) 4+m

10
v. (a) 447

Solution:

y=5_f_K=5_x[l+Ej
2 4 2 4
(2+n] ( 20 j(2+nj
= —X| — :5— —_— —_—
4 447 4

_5_:(2+TC) _20+5n—-10-5n 10
T 4+4n 4+m 4+m

Assertion and Reason Answers:

1.

(a) Both A and R are true and R is the correct
explanation of A.

Solution:
Given that f{x)=2 + cos x
Clearly f(x) is continuous and differentiable
everywhere Also f'(x) = -sin x = f'(x=0)
= -sinx=0=x=nm
These exists C € [t, t+m] for t € R
such thatf' (C) =0
Statement-1 is true Also
f(x) being periodic function of period 2m

Statement-2 is true, but Statement-2 is not a
correct explanation of Statement -1.

(a) Both A and R are true and R is the correct
explanation of A.

Solution:
Given f(x)=x3-2x2-1=0
Here, f(2)=(2)3-2(2)?-1=8-8-1=-1
and f(3)=(3)3-2(3)2-1=27-18-1=8
f(2)f(3)=(-1)8=-8<0
=  Oneroot of f(x) lies between 2 and 3

Given Assertion is true Also Reason R is true
and valid reason

Both A and R are correct and R is correct
explanation of A.
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Integrals 7

w

N o oa s

10.
11.

Integration is the inverse process of differentiation. The process of finding the function from its primitive is
known as integration or antidifferentiation.

The problem of finding a function whenever its derivative is given leads to indefinite form of integrals.

The problem of finding the area bounded by the graph of a function under certain conditions leads to a
definite form of integrals.

Indefinite and definite integrals together constitute Integral Calculus.
Indefinite integral [ f(x)dx = F(x) + C, where F(x) is the antiderivative of f(x).
Functions with same derivatives differ by a constant.

[ f (x)dxmeans integral of f with respect to x, f(x) is the integrand, x is the variable of integration and C is the
constant of integration.
Geometrically indefinite integral is the collection of family of
curves, each of which can be obtained by translating one of the
curves parallel to itself.

Family of curves representing the integral of 3x2

[f(x)dx = F(x) + C, represents a family of curves where
different values of C correspond to different members of the

*

family, and these members are obtained by shifting any one of
the curves parallel to itself.

Properties of antiderivatives

[LF(x)+g(x)Jdx = £ (x)dx+ [g(x)dx

ka(x)dx —kJ-f(x)dx for any real number k

[[kufy (%) + o fo (X) ot o fi (%) Jde =y [ £ (), [ £ ()l + K, [ (%)l

where ki, kz, ...kn are real numbers and fi, f2, ...fn are real functions.

Two indefinite integrals with the same derivative lead to the same family of curves and so they are equivalent.
Comparison between differentiation and integration

1. Both are operations on functions.

2. Both satisfy the property of linearity.

3. All functions are not differentiable and all functions are not integrable.

4. The derivative of a function is a unique function, but the integral of a function is not.

5

When a polynomial function P is differentiated, the result is a polynomial whose degree is 1 less than the
degree of P. When a polynomial function P is integrated, the result is a polynomial whose degree is 1
more than that of P.

6. The derivative is defined at a point P and the integral of a function is defined over an interval.
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12.

13.

14.

15.

16.

17.

7. Geometrical meaning: The derivative of a function represents the slope of the tangent to the
corresponding curve at a point. The indefinite integral of a function represents a family of curves placed
parallel to each other having parallel tangents at the points of intersection of the family with the lines
perpendicular to the axis.

8. The derivative is used for finding some physical quantities such as the velocity of a moving particle when
the distance traversed at any time t is known. Similarly, the integral is used in calculating the distance
traversed when the velocity at time I is known.

9. Differentiation and integration, both are processes involving limits.

10. By knowing one antiderivative of function f, an infinite number of antiderivatives can be obtained.
Integration can be done by using many methods. Prominent among them are

1. Integration by substitution

2. Integration using partial fractions

3. Integration by parts

4. Integration using trigonometric identities.

A change in the variable of integration often reduces an integral to one of the fundamental integrals. Some
standard substitutions are

x? +a? ; substitute x =a tan 6

Xt —d* ; substitute x = a sec 6

\/a2 —x° ; substitute x = a sin 0 or a cos 0

A function of the form is known as a rational function. Rational functions can be integrated using partial

(
Q(x)
fractions.

Partial fraction decomposition or partial fraction expansion is used to reduce the degree of either the
numerator or the denominator of a rational function.

Integration using partial fractions

P P
A rational function % can be expressed as the sum of partial fractions if % This takes any of the forms:
. pxX+q < A N B .
(x—a)(x-b) x-a x-b
px+q A B
2= + 2
(x-a)” X=a@ (x-a)
2
. pX“+qx+r _ A N B N Cc
(x—a)(x—b)(x—c) x-a x-b x-c
2
. DX +2qx+r _ A 4 B - Cc
(x-af(x—b) *~a (x-a) x-b
px*+qx+r A Bx+C

(x—a)(x2 +bx+c) TXx—a X+bx+c

where x2 + bx + ¢ cannot be factorized further.

To find the integral of the product of two functions, integration by parts is used. I and II functions are chosen
using the ILATE rule:

[ - inverse trigonometric

L - logarithmic
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A - algebraic

T - trigonometric
E - exponential is used to identify the first function.
18. Integration by parts

Integral of the product of two functions = (first function) x (integral of the second function) - integral of
[(differential coefficient of the first function) x (integral of the second function)].

Ifl (x).fo(x)dx = f; (X)J‘f2 (x)dx —J.{diifl (x)._[f2 (x)dx}dx, where f1 and f are functions of x.

19. Definite integral f: f(x)dx of the function f(x) from limits a to b y

4
represents the area enclosed by the graph of the function f(x), the x-axis
and the vertical markers x = ‘a’and x =‘b’.
20. Definite integral as the limit of a sum: The process of evaluating a '
definite integral by using the definition is called integration as the limit of dals
a sum or integration from first principles.
21. Method of evaluating f:f(x)dx ol °%853 = »
oo [ =
i.  Calculate antiderivative F(x) E3
ii.  Calculate F(b) - F(a) Y R

22. Area function
A () = [ f(x)dx, ifxisa pointin [a, b].
a A(x)
23. Fundamental Theorem of Integral Calculus
P < X

° First fundamental theorem of integral calculus: If area function, i
173

Alx) = f;f(x)dx for all x = a, and f is continuous on [a, b]. Then
A'(x) = f(x) for all x € [a, b]
e Second fundamental theorem of integral calculus: Let f be a continuous function of x in the closed

interval [a, b] and let F be antiderivative of:—xf(x) = f(x) for all x in domain of f, then

b

[f(x)dx=[ f(x)+c] =F(b)-F(a)

a

Top Formulae

1. Some Standard Integrals

Xn+1

. Ix”dx: +C,n#1
n+1

. Idx=x+C

. J.cosxdx=sinx+C

. J.sinxdx =—cosx+C

. jsecz xdx =tanx+C

. J.coseczxdx =—cotx+C

L J-COSECXCOthX=—COS€CX+C
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Icosxdx =sinx+C

I dx =sin 'x+C
1-x%

I— dx =cos ' x+C
1-x?

_[ dxz =tan ' x+C
1+x

J. dxz =—cot 1x+C
1+x

J dx =sec x+C
xVx?-1

dx _
_[ =—cosec ' x+C

xx/xz—l
Iexdx:ex +C

aX

+C

jaXdX B loga

Ildx =log|x|+C

X

jtanxdx =log|secx|+C

Icotxdx =log|sinx|+C

J.secxdx =log|secx +tanx|+C
J.cosecxdx =log|cosecx —cot x| +C

(ax+ b)"J'1

J'(CIX'Fb) dX—W—FC,ni—l

j ! dx:110g|ax+b|+C
ax+b a

1
Ieax+bdx _ _eax+b iC
a

1 bx+c

Iab“cdx ==
b loga

+C,a>0,a=1

J-sin(ax+ b)dx = —lcos(ax + b) +C
a

J.cos(ax + b)dx = lsin(ax + b)+C
a

J-tan(ax + b)dx = 1log|sec(ax + b)| +C
a

jcot(ax +b)dx = 1log|sin(ax +b)| +C
a

J-secz (ax + b)dx = ltan(ax + b) +C
a
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jcosecZ (ax + b)dx :—lcot(ax + b) +C
a

. jsec(ax+b)tan(ax +b)dx = 1sec(ax + b)+C
a

jcosec(ax + b)cot(ax + b)dx _ 1 cosec(ax + b) +C
a

jsec(ax +b)dx = 1log|sec(ax +b)+tan(ax + b)| +C
a

. Jcosec(ax +b)dx = 1log|cosec(ax+ b)—cot(ax+ b)| +C
a

2. Integral of some special functions

. J‘X2d_xa2 :%log ;(;Z +C
. _l.azd_xxz :%log Zii +C
. .[thﬁ(az :%tan_1§+C
L

X+‘\]X2 —CI2

+C

dx
=log
x? —a?

=sin” —+C

'JJ_
- -

=CoS~ —+C

\/7
J ,_:—sec —+C

. J—L = 1cosecf1 X +C

xxt—a® @ a
dx [2. 2
° J. X+ X2+02
2

X +a2

+C

=log

ax

. Ie“x sinbxdx =

asinbx —bcosbx)+C

ax

. Jeax cosbxdx = (acosbx +bsinbx)+C

a* +b?

. '[ a —deX:lx\/a2 —x° +1a2 sin_1§+C
2 2 a
o I\/az +x2%dx :%x\/az +x2 +%a2 log

X+\]X2 —(12

x+a* +x*
o .Nxz —d*dx :%x\/xz —d —%az log

+C

+C
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3.

i

Integration by parts

M [AE)L(x)dx= £, (x)] f(x)dx —j[d% AEX) £ (x)dx}dx, where fi and f2 are functions of x.

(ii) J.ex (f(x)+f'(x))dx=€* f(x)+C
Integral as the limit of sums:
| F(x)dx=(b—a)lim X[ £(a)+ £ (a+ )+ .+ £ (a+(n-1)h)] where =29

" ] n

Different methods of integration

p(x)

Evaluation of integrals of the form
(ax+b)

, n € N, where p(x) is a polynomial step:

(a) Check whether degree of p(x) >or<n

(b) If degree of p(x) < n, then express p(x) in the form Ay + 4, (ax +b)+ 4, (ax + b)2 +ot A, (ax+ b)n_1

as M —+ —+ut
(ax+b)"  (ax+b)" (ax+b)"" (ax+b)" (ax+b)

(c) Write p(x) 4 4 At

(d) Evaluate

Iﬂdx:AOJ. ! ndx+A1j( 1 + 4]

! dx+..+4, 4 ;dx
n—2 L

(ax+b)" (ax+Db) ax+b)n*1 (ax+b)" (ax+Db)
(e) If degree of p(x) > n, then divide p(x) by(ax+b)" and express —p(x) —as q(x)+—r(x) —, where
ax+b) (ax+b

degree of r(x) is less than n

(f) Useste ﬂ
ps (b) and (c) to evaluate J ( b)" dx
ax +

ii.  Evaluation of integrals of the form [(ax + b)Vcx + ddx

Step:

(a) Represent (ax + b) in terms of (cx + d) as follows:
(ax+b)=A(cx+d)+B

(b) Find A and B by equating coefficients of like powers of x on both sides

(c) Replace (ax + b) by A (cx + d) + B in the given integral to obtain

I(ax+b)\/cx+ddx :f|A(cx+d)+B|\/cx+ddx
:AJ.(cx+d)g dx +BJ-\/cx+ddx

5 3
:ﬁ(cxﬂi)f +2—B(cx+d)5 +C
5c 5c

Evaluation of integrals of the form f% dx

Nz

Step:

Represent (ax + b) in terms of (cx + d) as follows:

(ax+b)= A(cx+d)+B

ii.  Find A and B by equating coefficients of like powers of x on both sides
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iii. Replace (ax + b) by A(cx + d) + B in the given integral to obtain
ax+b A(cx+d)+B
floxed), lAecdysl,
Jex +d Jex+d
AI\/cx+ddx+Bj L dx
cx+d
3 1
E(cx+d)§ +@(cx+d)5 +C
3c c
7. Evaluation of integrals of the form fxdx , f cos™xdx,wherem < 4
Let us express sin™ x and cos™x in terms of sines and cosines of multiples of x by using the following identities:
(@) sin’x= 1—cos2x
1+cos2
(b) cos’x= ~Cosex
2
(c) sin3x=3sinx-4sin3x
(d) cos3x=4cos3®x-3cosx
8. Evaluation of integrals of the form
[ sinmx. cosnxdx, | sin mx . sinnxdx, [ cos mx. cosnxdx
Let us use the following identities:
(@) 2sinA cosB=sin (A +B) +sin (A - B)
(b) 2cosAcosB=cos (A+B)+cos (A-B)
(c) 2cosAsinB=sin(A+B) -sin (A-B)
(d) 2sinAsinB =cos (A-B)-cos (A+B)
. . f')
9. Evaluation of integrals of the form [ ) dx
f'(x)
——dx=log|f(x)+C
10. Evaluation of integrals of the form
" p(x) : : . N
J(ax + b) p(x)dx, —————dx, where p(x) is a polynomial and n is a positive rational number
(ax+Db)
Steps:
-b 1
i,  Substituteax+b=vor x="2and dx=-dv
a a
Vn+1
ii. Now integrate with respect to v by using jv"dv = 1 +C
n
iii. Replacevbyax+b
11. Evaluation of integrals of the form J.tanm xsec? xdx, I cot™ x.cosec®” xdx, m,n € N

Steps:
-1
i.  Rewrite the given integral as [ = jtanm x.(sec2 x)(n ) sec” xdx

ii.  Substitute tan x = v and sec?2 x dx = dv

Therefore,
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I= Itanm x.(sec2 x)(n_l) sec? xdx
= J-tanm x.(l +tan? X)(n_l) sec? xdx
= Iv’".(l +v? )(n_l)dv

n-1
iii. Use the binomial theorem to expand (1 +v2 )( )in step (ii) and integrate

iv. Replace v by tan x in step (iii)

12. Evaluation of integrals of the form Jtanzm” xsec?! xdx,jcotm x.cosec”” xdx, where m and n are non-
negative integers
Steps:
. . . . 2\ 2n
i.  Rewrite the given integral as I = I(tan x) .(secx) secx.tanxdx
ii. Putsecx=vandsecxtanxdx=dv
Therefore,
m
1= I(secz X— 1) .(secx)Z" secx.tanxdx
m
=_[(v2 —1) v'dv
m
iii. Use the binomial theorem to expand (v2 —1) in step (ii) and integrate
iv. Replace v by sec x in step (iii)
13. Evaluation of integrals of the form f x.cos™ xdx,where m,n € N
Steps:
i.  Check the exponents of sinx and cosx
ii.  Ifthe exponent of sinx is an odd positive integer, then put cosx =v
If the exponent of cosx is an odd positive integer, then put sinx = v
If the exponents of both sinx and cosx are odd positive integers, then put either sinx = v or cosx =v
If the exponents of both sinx and cosx are even positive integers, then rewrite sin™ x cos" x in terms of
sines and cosines of multiples of x by using trigonometric results.
iii. Evaluate the integral in step (ii)
14. Evaluation of integrals of the form Isin’" x.cos" xdx, where m, n € Q, such that m + n is negative even integer.
Steps:
i.  Represent the integrand in terms of tan x and sec? x by dividing the numerator and denominator by
coskx, where k = - (m + n)
ii. Puttanx=v
. . dx
15. Evaluation of integrals of the form f ——
ax“+bx+c
Steps:
i.  Multiply and divide the integrand by x? and make the coefficient of x2 unity
ii.  Observe the coefficient of x
2
iii. Add and subtract (% coef ficient x) to the expression in the denominator
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bY 4ac—b
iv. Express the expression in the denominator in the form [x +2—j +T
a a

v.  Use the appropriate formula to integrate.

dx

16. Evaluation of integrals of the form f P brtc

Steps:
i.  Multiply and divide the integrand by x2 and make the coefficient of x2 unity

ii.  Observe the coefficient of x

2
iii. Add and subtract (E coef ficient x) inside the square root

bY 4ac—b
iv. Express the expression inside the square root in the form (x +2—) +T
a a

v.  Use the appropriate formula to integrate.

px+q

17. Evaluation of integrals of the form f X2 thrtc

Steps:

i. Rewrite the numerator as follows:
d
pxX+q= A{d (ax +bx+c)}+B

=>px+q=A{2ax+b}+B
ii.  Find the values of A and B by equating the coefficients of like powers of x on both sides

iii. Substitute px + q by A {2ax + b} + B in the given integral

Therefore, px+q dXZAJ. LoE dx+BI;dx

ax’ +bx +c ax’ +bx +c ax® +bx +c

iv. Integrate the right-hand side and substitute the values of A and B

+
18. Evaluation of integrals of the form f % dx where p(x) is a polynomial degree greater than or equal
to 2
Steps:

r(x)

> , where r(x)
ax“+bx+c

i.  Divide the numerator by the denominator, and rewrite the integrand as q(x) +

is a linear function of x

ii. Thusj pX+q dx = Iq dx+j

ax’ +bx+c ax? +bx+c

iii. Integrate the second integral on the right-hand side and apply the appropriate method
. . pxX+q
19. Eval f Is of the f
9. Evaluation of integrals of the form f Totionee
Steps:
i.  Rewrite the numerator as follows:

px+q= A{; (ax +bx+c)}+B

=px+q=A{2ax+b}+B
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20.

21.

22.

23.

ii.  Find the values of A and B by equating the coefficients of like powers of x on both sides

iii. Substitute px + q by A {2Zax + b} + B in the given integral

Therefore,f px+q dx AI Zax+b dx+B 1 dx
Jax? +bx +c Jax? +bx+c Jax? +bx+c

iv. Integrate the right-hand side and substitute the values of A and B
Evaluation of integrals of the form

J- - dx . »_[ dx. ' 'J dx . 'I - dx 2’j -de

asin“x+bcos“x Y a+bsin“x * a+bcos” x (gs]nx+bcosx) a+bsin® x +ccos? x

Steps:
i.  Divide the numerator and denominator by cos2x
ii. Inthe denominator, replace sec? x byl + tan? x

iii. Substitute tan x = v; sec? xdx = dv

dv
iv. Apply the appropriate method to integrate the integral | —————
iv.  Apply the appropri integ integral [ ————
Evaluation of integrals of the form
J' dx J' dx J‘ dx J' dx
asinx+bcosx’? a+bsinx’d a+bcosx’? a+bsinx +ccosx
Steps:
X X
2tan— 1-tan®Z
i. Substitute sinx = — COSX = )2(
1+tan®> 1+tan® >
2 2
X
ii.  Inthe numerator, replace 1 - > by sec? E
_ X 1 ,x
iii. Substitute tan—=v; —sec“ —dx=dv
2 2 2
. dv
iv.  Apply the appropriate method to integrate the integral f _—
av’ +bv+c
: . dx
Alternate method: Evaluation of integrals of the form J—
asinx +bcosx

Steps:

(b
Substitute a = r cos 0, b = r sin 0; where r =+a* + b*,=0tan (—j
a

= asinx+bcosx=rcos0sinx+rsinbcosx=rsin (x+0)

dx 1 x 1, 4b

J. - = log|tan| —+—-tan™ —
asinx+bcosx /42 +p? 2 2 a
asinx+bcosx

Evaluation of integrals of the form -[—d dx
csinx +dcosx

+C

Steps:
i Substitute

Numerator = A (Differentiation of denominator) + B (Denominator) That is a sin x + b cos x = A (c cos X - d sin x) +
B(csinx +d cos x)

ii. ~ Compare the coefficients of sin x and cos x on both the sides and get the values of A and B
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asinx +bcosx
iii. ~ Hence, the value of the integral I— dx is
csinx +dcosx
= Alog|csinx +dcosx|+px +C
asinx+bcosx+c
24. Evaluation of integrals of the form j - dx
msinx +ncosx +p
Steps:
i. Substitute: Numerator = A (Differentiation of denominator) + B (Denominator) + K

25.

26.

27.

Thatisasinx+bcosx+c=A(mcosx-nsinx)+B(msinx+ncosx+p)+K
ii. =~ Compare the coefficients of sin x and cos x and constant terms on both the sides and get the values of A, B and K
iii. Replace the integrand by A (m cos x - nsinx) + B(m sinx+ncosx + p) + K

. . asinx+bcosx +c )
iv.  Hence, the value of the integral j - dx is
msinx+ncosx +p

:Alog|msinx+ncosx+p|+Bx+pI 1 dx

msinx +ncosx+p

v.  Evaluate the integral on the right-hand side by any appropriate method

Evaluation of integrals of the form J.ex [f(x)+f'(x)] dx

Steps:
i.  Write the given integral as Jex [f(x) + f'(x)] dx = J-e"f(x) dx + J.exf'(x) dx
ii.  Find the integration for the first term by parts

iii. Cancel out the second integral with the second term obtained by integration by parts

iv. Thus, the above result holds true for ekx
Ie"" [ f(x)+f'(x)]dx =€ +C

Evaluation of the integrals of the form [ Viax? + bx + cdx
Steps:

. - . - . b ¢
i.  Take ‘a’ common inside the square root so as to get x“ +—x+—
a a

N . b ¢ b\  4ac—b*
ii. Add and subtract the appropriate term to x*+—x+— to getthe term | x+— | + —

a a 2a 4a
iii. Now evaluate the integral using the appropriate formulae

Evaluation of the integrals of the form | (mx + n)vVax? + bx + cdx
Steps:

. . d
i. Rewrite mx + nasmx +n = Ad—(ax2+bx+c)+B
X

Thatis, mx + n = A(2ax + b) + B
ii.  Equate the coefficients of x and constant terms on both sides to get the values of A and B
iii. Substitute mx + n by A(2ax + b) + B

iv. Now evaluate the integral using the appropriate formulae
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2 2
1 -1 1
28. Evaluation of the integrals of the formj. 4X +3 1dx,_[ X d ,I 2 )
X" +kx®+ x* +kx*+

dx wherek e R

xt+kx? 41
Steps:

i.  Divide the numerator and the denominator by x2

2
. : . . . 1
ii. ~ Write the denominator of the integrand in the form of (X +—] +m’

iii. Write d(x+lj or d(x—lj or both in the numerator
X X

: 1 1
iv. Putx+—=vorx——=v
X X
v.  Evaluate the integral using the appropriate formula
f(x)
(gx+h)Vmx+n

29. Evaluation of integration of irrational algebraic functions, I dxwhere g, h,m,n € R

Step: Put mx +n=v*to evaluate the integral

f(x)
(r'x2 +gx+h)\/mx+n

30. Evaluation of integration of irrational algebraic functions, J. dx wherer,g h,m,neR

Step: Put mx +n=v*to evaluate the integral

1

(gx+h)mx* +nx+p

31. Evaluation of integration of irrational algebraic functions, I dx where g, h,m,n,p € R

i. Putgx+h= 1 to evaluate the integral
v

1

(gx2 +h)\/mx2 +n

32. Evaluation of integration of irrational algebraic functions, I dx where g, h, m,n € R

step:
i. Put x:1 Therefore, [ = ey
v (g+hv2)\/m+nv2
Now substitute m + nvZ = w2
33. Properties of definite integrals
b b
. ‘[f(x)dx :If(t)dt
a a
b a a
. Jf(x)dx :—jf(x)dx in particular, If(x)dx =0
a b a
b c b
. jf(x)dx :jf(x)derjf(x)dx
a a c
b b
. Jf(x)dx:_[f(a+b—x)dx
a a
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. 2:(ljf(x)dx :If(x)dx+zf(2a—x)dx

fo(x)dx = Z:[f(x)dx, iff(2a-x)=f(x),
=0 if f(2a—x)=—f(x)

T f(x)dx =2I £(x)dx, if f(~x) = f(x),
=0 if f(=x)==f(x)
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./> B
i Class : 12th Maths \i
\ Chapter- 7 : Integrals /
. " : y
 The method in which we change the variable to some  ; N x'dx=i+c.n¢-1hke Jax=x+c E
other variable is called the method of substitution (ii) I“’s" dr=shixilc (ii) Is"‘ xdx=—cosx+¢
i Itanxdx=log|secx]+c Icotxdx—log[sinx|+c (iv) [ sec* xdx=tanx + ¢ (v) [cosec® xdx=-cotx +¢
Isecxdx log|secx + tanx| +¢ Icosecxdx log|cosecx - cotx|+c (w)j'secxtnnxdxnsecx+c (W)Imsxxcotxdx-—cosea-bd.
----------------------- . g (viii) 7—=sm 'x+e (ix) =_°°s Yxke g
(i) J. dx =_l_log.x;a +C (ll)I .. log|a+x|+c é g I I §
P 'x-a* 2a a la—x| ) I——=un x+e (XI)I——=—cot"x+c 1
gl de . ox | : 2 S :
é(m)_[xz+az =;tan l;"'c (iv) IJ——bg|x+ X =4 l"’c (Xll)fc dx=e* +c (’ﬂﬂ)la dx-Eﬂ: :
(v) IT=-sm S+c (vi) jﬁ —log|x+m+c. (xw) Iv__m i ("")17—""““4”‘
------------------------------------------------------------------------------- (XVI)I —dx= loglxl.l.c é

.........................................................................................

constant of integral. These mtegrals are called indefinite or general mtegral&
: Propernes of indefinite integrals are

0 [l G+ s@)]ax=[ far+ @i, ) [if ()v=k ] £ (e, : - -y ;
For eg: J(Sx +2x)dx=x" +x* +¢ where kis real. g(i) I\/x' — @ dx= 12‘.*/,:2 = ——znbslx* ,_]xz =) “:.g

§(ﬁ)ij=+a=ax=§Jx=+a=+§bg|x+Jf+¢=|+c§
e

iLet the area function be defined by

A(x)—j f(x)dxvx>a,

where f is continuous on [a,b]

ithen A'(x)=f (x)Vx € [4,b].

Integrals

First fundamental
theorem of integral
calculus
wassssssssss annatinnansas u F : _I Vo
T )8 = A M| o e
— I sin” xdx

-Letfbeaconﬁnuousﬁmcﬁonofxdeﬁned on[a,b] andletheanotherﬁmcuonsudnlm: —x/4
.——F(x)- f(x)Vxedomainoff,thexf f(x)dx= [F(x)+cI-F(b)—F(¢)Thlsisealledthe ; _z‘“ il xidli
-deﬁniteinbegmloffoverthemnge [a,b],whereaandbarecalledthelimitsofinﬁegmﬂon,: ISIII &
.:P:mgthelowerlimitandbbetheuyperhnut. : _z'j“(l—coszx)dx

A rational function of the form ()(Q(x)¢ 0)=T(x '() /B, (2) 0 -

§ Q( ) : =/4

i has degree less than that of Q(x). We can integrate Q‘g ; by expressing = I (l—COSZx)dI

: 0

§|t in the following forms — (i) preg 4 +——,a#b. sin 2x ke

g (x- a)(x b) x-a x-b H =|x-

preq A . B px*+qx+r A & B B + < c} 1 2

§(u) (x+a) “x-a (X ay (m)( —a)(x-b)(x- c) x-a x-b x-ci =£__

§_ px +qx+r A B (& px +qgx+r A Bx+C é - 4 Z

-(l ) E——g— = ———— b —— (v) e : g

(x- a) (x-b) x-a (x- a) (x- a)(x +bx+c) x-a x* +bx+c5
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Important Questions

Multiple Choice Questions- J- e (1+x)

o

T 5 dx isequal to
1. The anti-derivative of (\/X + %) equals cos (xe )

11! 1 (a) -cot (xexX) + ¢
243 2
(2) 3 X H2xE e (b) tan (xex) +c

2 (c)tan (e¥) + ¢
3 2
(b) Zx* +ox" e (d) cot (e¥) + ¢
2 3 1 7. J‘L equals
(9 §x2+2x2+c X2 42x+2

X . (a)xtan! (x+ 1) +c

(d) %xf +§x5 . (b) tan! (x +1) + ¢
L 5 (@(x+1)tantlx+c
2. Ifa (f(x)) = 4x3 - pory such that f(2) = 0 then f(x) (d) tan'1 x + c.
IS e, dx
8. ———— equals
. 1 129 '[\/9—25x2
(@ x"+—5-——
X 8 Sx
(a) sin™! (—]+c
(b) @+ 2 +12 J
X 1. il 5x
. 1 129 (b) Esm (?]+c
(C) X +—3+?
() llog(?’-’-sxj+c
(d) X3+i4_g 6 3-5x
X 8
1 3+5x
dx (d) —=log +c
3. jﬁ equals 30 \3-5x
sin® xcos” x
9 J-L equals
(a) 10x-x10+ ¢ ; (x-1)(x-2)
(b) 10x + x10+ ¢ ,
() (10~ x10) 1 + (a) log [i_:;j s
(d) log (10 + x10) + c.
10x° +10 log, 10 (x-2)°
4. ¢ ——dx equals b) logl—= |+c¢
=1 q (b) log|>—
(@)tanx + cotx +c 5
(b)tanx-cotx+c (c) log (X—_i) +c
X_
(c)tanx cotx +c
(d) tanx - cot 2x + c. (d) log|(x—1)(x —2)| +c
c2 2
5. I%dx is equal to 10. "- dx equals
sin® xcos” x x(x2 +1)

(a)tanx + cotx +c

1
(b) tan x + cosec X + ¢ (a) log|x| —5108‘(X2 +1)‘ +c
(c)-tanx + cotx + ¢ 1 L ,
(d) tan x + secx + c. (b) Elog|x| +§10g‘(x +1)‘ +c
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(c) —log|x| +%log‘(x2 + 1)‘ +c

(d) log|x|+ log‘(x2 + 1)‘ +c

Very Short Questions:
3+3
1. Find [ ——=
X+sinx
2. Find: [ (cos? 2x - sin? 2x) dx.
3 Find: jd—x
' ) B ax—2x2
x3-1
4, Evaluate [ 2 dx
5. Find: [ sin? x—cos? x
sin x cos x
6.  Write the value off 2
+16
7.  Evaluate: [ (x3 + 1) dx.
L (/2 .
8. Evaluate: fo e*(sin x - cos x) dx.
9. Evaluate: foz V& —x? dx
10. Evaluate: Iff(x) = fox t sin tdt, then write the value

of f (x).

Short Questions:

1.

Evaluate: J’COSZX +2sin®x e

COS X

sec X

Find: | ey vtan? x + 4
Find: [ /1 - sin 2xdx, % <x< %

Find [ sinx . log cos x dx

Find:

(x%+sin? x)sec? x
I 1+x2
*(x-3)
x-1)3

Find [sin'! (2x) dx

Evaluate _f dx

Evaluate: f_nn(l - x2) sin x cos2 x dx.

Long Questions:

1.

sin® x + cos® x

Evaluate: | ——————dx
I sin? x cos? x

cos(x+a)

Integrate the function —————=w.r.t. x.
sin(x+b)

Evaluate: [ x2 tan! x dx.

Find: [ [log (log x) + 1X)2 ] dx

Case Study Questions-

Integration is the process of finding the
antiderivative of a function. In this process, we
are provided with the derivative of a function and
asked to find out the function (i.e., Primitive)
inverse

Integration is the process  of

differentiation.

Let f (x) be a function of x. If there is a function
g(x), such that d/dx (g(x)) = f (x), then g(x) is
called an integral of f (x) w.r.t x and is denoted by
[f (x)dx =g(x)+c, where c is constant of
integration.

(i) [(3x+4)3dxis equal to:

4
@ (3x1+24) e

3(3x+4)"

(b) ——

+C

(3x+4) e

()

(3x+4-) e

(d)

J (x+1)2

X(XZ + 1) dx is equal to

(ii)
(a) log|x|+c
(b) log|x|+2tan™" x+c
(o) —log|x2 +1| +c
(d) log‘x(x2 +1)‘+c
(iii) [sin?(x) dx is equal to:
sin2x
X, smex ..
(=) 2 4

X sin2x

(b) 5 -

sin2x

() x+

sin2x

(d) x—

+C

(iv) [tan?(x) dx is equal to:
(a)tanx+x+c
(b)-tanx-x+c¢C
(c)-tanx+x+cC

(dtanx-x+c
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) J.— is equal to ) _xcos3x sin3x
sin” xcos” x 3 9
(@) 2tan2x+c (i) [log(x+1)dx =
(b) -2 tan 2x + ¢ (a) log(x+1)—x+c

(c)-2cot2x+c
(d)2cot2x+c

2. When the integrated can be expressed as a (c) xlog(x+1)—log(x+1)+x+c
product of two functions, one of which can be

(b) xlog(x+1)—x+c

d) xI 1)+1 1)-
differentiated and the other can be integrated, (d) x 0g(x+ )+ 0g(x+ ) x+e

then we apply integration by parts. If f(x) = first (iii) sze3xdx =

function (that can be differentiated) and g(x) =

second function (that can be integrated), then the () ﬁ(gxz +6x+2)+c
preference of this order can be decided by the 9

word “ILATE”, where

3x
e 2 )
[ stand for Inverse Trigonometric Function 9 (9X bx+2)+c

L stands for Logarithmic Function 3x

e 2
A stands for Algebraic Function () E(gx +6X+ 2) +c

T stands for Trigonometric Function o>
E stands for Exponential Function, then (d) 27 (9X2 —6x +2)+C
J.f(x)g(x)dx Ig )dx — I{ d Ig dx}d (iv) I(f(x)g"(x)—f"(x)g(x)) dx =

(i) Jxsin3xdx= (@) f(x)g'(x)-f'(x)g(x)+c

@ xcos3x _sin3x (b) f(x)g'(x)+f'(x)g(x)+c

3 a
) xcos3x | sin3x (© f'(x)g9(x)=f(x)g'(x)+c
3 9 f(x)
© xcos3x N sin3x c g’(x)

3

Answer Key

Multiple Choice questions- (x— 2)2
9. Answer: (b) log 1 +c
1. Answer: (c) z><E+2><1+C X
3 3 2
1 2
10. Answer: (a) log|x|—=log|x“ +1)+c
2. Answer: (a) x +i—ﬁ () g| | 2 g( )
x* 8
Answer: (d) log (10* + x19) + c. Very Short Answer:
Answer: (b) tanx - cotx + ¢ 1. Solution:
Answer: (a)tanx + cotx + ¢ [=[—— 3+3cosx dx =3 loglx + sin xl + c.

X+sinx
Answer: (b) tan (xex) + ¢

N o kW

da
[* Num. =—denom.]
Answer: (b) tan! (x+ 1) + ¢ dx

Sx 2. Solution:
8. Answer: (b) —sm ( 3 j+c

sin 4x

I=fcos 4xdx = +C
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3. Solution: 8. Solution:
I:J- dx fon/ze" (sin x - cos x)dx
2
N5 —4x —2x fon/z e* (-cos x + sin x)dx
I” Form: [ex (f(x) + f'(x) dx”
/2
= [ex (—cosx)]o/
=-e"/2cos g +e0cos0
=-e™2(0) + (1) (1)
=-0+1=1
9. Solution:
2 2
J.\/4—x2dx = J.\/Zz —x%dx
0 0
4. Solution:
) |"Fr0m:I\/a2 —xdx"
x -1 1
I > dx :I X—— dx 5
X X 2
xN4-x" 4 . 1x
_2 =|——+—sin" =
:dex—fx dx 2 2 2
W x1 =[0+ 2 sin'1(1)] - [0 + 0]
=——-—+c
2 -1 = 2sin1(1) = 2(m/2) =7
X2 1 10. Solution:
=—+—+¢,x=0. .
2 x We have: f(x) = [ t sin t dt.
5. Solution: o x. % (%) -0
I= jsm x —cos” X dx [Property XII; Leibnitz’s Rule]
sinxcosx
=xsinx. (1)
.2
ZJ' sin” x J' COSX = xlsin'x.
sinxcosx smxcosx
Short Answer:
:Itanxdx—jcotxdx
1. Solution:
=log|secx|—log|sinx| +c. . J~c052x+231n X,
6. Solution: Cos” x
J dx _J‘ dx (1—25in2 x)+251n2x
x> +16 42 4 x* :,[ 2 dx
cos” x
|" From: .[ = sec” xdx
a*+x° Icos X I
=ltan‘li+c. =tanx+c.
4 2. Solution:
7. Solution: sec? x
I=f_22x3dx+f_221-dx=l1 Vtan® x+ 4
5 Put tan x = t so that sec? x dx = dt.
=>O+|:X2J2 I—f—dt
B - V2422
[--11is an odd function] =2 - (-2) = 4. —log[t+VEZ T 4| +C
=2-(-2)=4 =log [tanx + VtZ + 4| + C
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3. Solution:

I= J}/l —sin2xdx

= I\/(sinZ X +cos? x)—Zsinxcosx dx

= J, ’(sinx - cosx)2 dx

= I(sinx —cosx)dx

=—C0SX—sinx+c.

4. Solution:
[sinx . log cos x dx
Putcoxx=t
so that - sin x dx = dt
ie, sinxdx =-dt.
~1=-[logt1dt
=-[logtt-[1/t.tdt]
[Integrating by parts]
=-[tlogt-t]+C=f(1-logt)+C
=cos x (1 -log (cosx)) + C.

5. Solution:

1=I 1+x%

_J.{(1+x ) (sm X— 1)}seczxdx
_I 1 cos® x 2
= _1+x2 sec” dx

= Isecz dx — j 1 +1x2 dx

(x2 +sin? x)sec2 X
dx

=tanx—tan 'x+c.

6. Solution:

I=J‘%dx

Step Up Academy @
Solution:

1= J-sin*1 (2x)dx = J‘sin*1 (2x).1dx
.1 1
=sin™ (2x X—Iﬁ(Z)(x)dx

[Integrating by Parts]

=xsin™! (2x)-

2x
I—m dx
=xsin! (ZX) +%}J‘(1 —4x? )71/2 (—8x)dx

12
— yein-l 1(1_4‘)(2)
=xsin™' (2x)+ —1/2

=xsin! (2x)+%\/1—4x2 +c.

Solution:

+cC

Here, f(x) = (1 - x2) sin x cos? x.
f(x) = (1 - x?) sin (-x) cos? (-x)
= - (1 -x2) sin x cos? x

=-f(x)

= fis an odd function.

Hence, I = 0.

Long Answer:

1.

Solution:

sin® x + cos® x
j—_ = > dx
sin” xcos” x

3
(sin2 X +cos’ x) —

|

[ @’ +b° =(a+ b)3 —3ab(a+ b)}

3sin® xcos? x(sin2 X +cos? x)
dx

sin® xcos® x

—3sin® xcos x(l)

X
sm XCOS X

o
(el
j

[ 11’1 X+COS X dex

Sll’l XCOS X

(Note this step)

—J( 3) dx
cos? x sin®x

= Isecz dx +Icosec2dx —3I1dx

=tanx—cotx—3x+cC.
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2. Solution: = xlog(logx) - | ﬁ dX .o (2)
cos(x+a) g
I=[———dx Letli =I5 + s
sin(x+b)
- And I, =I 1 dx
cos(x+b+a b) logx
—I dx
sm X+ b 1
=I1 ddx
cos(x+b)cos(a—b) 08X
2
—sin( x+b )sin(a—b) _ 1t .x—_[—[ 1 j L xdx
—I sm . +b) dx log x logx ) x
( ) (Integrating by parts)
cos(x+a
=cos(a—b)|——=dx—sin(a—b)|1.dx X 1
( )-[ sin(x+b) ( )-[ = +I - dx
logx ~(logx)
=cos(a— b)log|sin(x + b)| —sin(a—b).x+c. Putting in (2),
3. Solution: I, = xlog(x) X 1 i dx
J-XZ tan! xdx = _[tan*1 x. x*dx logx (10g X )
3 Putting in (1),
=tan~ x——j —dx 1 I
1+x* 3 g (logx)
[Integrating by parts] l X _J' 1 - dx + 1 o dx
ogx
e 8x °(logx) (logx)
= ?tan e 1 .
o =xlog(logx)—-——+c¢
3 log x
X 41 X
=—tan x——j(x— 2jdx
3 3 1+x 1
=x| log(logx)——— |+c.
% 1 1 2x logx
=?tan’1x—§J.xdx+gJ > d.
LS Case Study Answers-
3 2
=X tan? x—l.x—+llog|1+x2| +c
3 32 6 4
(i) (a) M +c
{ i(1+x2 ) = ZX}
dx 5
(i) (b) log|x|+2tan™" x+¢
1 5 -1 1, 1 2
==x"tan  x——=x"+=log(1+x“)+c. ;
3 6 6 ( ) (iii) (b) % _sin2x
.y? 2 . 2| _ 2
|:.X >20=>1+x >0..‘1+X ‘—1+X :I (IV) (d)tanx—x+c
4. Solution: (v) (c) —2cot2x+c
Let [ [log (log x) + ;2] dx
gx) (M) () xcos3x . sin3x
= [log (log x) dx + _[ X)Z ]dx ... (1) 3 9
Letl= i+ 1, (i) (d) xlog(x+1)+log(x+1)—x+c
_ 3x
Now I1 = [ log (log x) dx (i) (d) e_(9X2 —6x+2)+c
=[log (log x) 1 dx 27
_log (log ) - | 2 dx (iv) (@) f(x)g'(x)-f'(x)g(x)+c
logx x .
(Integrating by parts) Yot %t
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Application of Integrals 8

1. Elementary area: The area is called elementary area which is located at any arbitrary position within the
region which is specified by some value of x between a and b.

2. The area of the region bounded by the curve y = f (x), x-axis and the lines x =aand x =b (b > a) is given by the
formula: Area = fzb vdx = fzb f(x)dx

3. The area of the region bounded by the curve x = 6(y), y-axis and the lines y = ¢, y = d is given by the formula:
b b
Area = [ xdy = [ 6(y)dy

4. The area of the region enclosed between two curves y = f (x), y = g (x) and the lines x = a, x = b is given by the
formula, Area = f:[f(x) — g(x)]dx, where f(x) = g(x)in[a, b].

5. Iff(x) = g(x) in[a, c]and f(x) < g(x) in [c, b], a < c < b, then we write the areas as:

b b
Area = j [FG0) — g@)]dx + j [9(0) — f()]dx
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‘./ Class : 12th Maths \
\ Chapter- 8 : Applications of Integrals /

.........................................................................................

The area of the region enclosed between
two curves y=f(x),y=g(x)
andbthe lines x=a, x=b is given by
A= I[f(x)— g(x)]dx,wheref(x)z g(x) in[a,b]
For .eg: To find the area of the region bounded by
the two parabolas y = x’and y2 =X
(0,0) and (1,1) are points of intersection of y = =x"and :
)’ —xandy =x=Dy= J;:f(x) andy::x ==g(x)
,wheref(x)Zg(x) in [0 l]. £y Hesessesssisiemeienisenransinonsiesshisonnsuiiossaninasaitaninicasnross .
- iff(x)2 g(x)in[a,c]and f(x)< g(x)
Area, A= I[f(x)—g(x)]dx
0

" in [c, bla<c<b, then the area is

-] A=) 2 e

i The area of the region bounded by the curve
! x=f(y),y—axis and thehnesy—candy d(d>c)

is givenby 4= dey or If(y)dy

For eg : the areaboundedbyx-y , y—axis in the
i Iquadrant and the lines y=1 and y=2is

A=dey=jy’dy=[% ] ~(2*- 1)__ Sq. units

---------------------------------------------------------------------------

Area between two
curves

Applications of
Integrals

: The area of the region bounded by the
: curve y =f (x), x- axis and the lines
ix=a andx b(b > a)is given by

Area under simple
curves

A Iydx orIf(x)dx ._\J
For eg - the area bounded by

y=x2, x-axis inI quadrant and
i the lines x=2 and x=3 is -

S : -l T o,
A =Iy dt:Ixzdx=|:?]2 =-5(27—-8)=—3-Sq.umts.§
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Important Questions

Multiple Choice Questions-

1.

Area lying in the first quadrant and bounded by
the circle x? + y? = 4 and the linesx = 0 and x = 2
is

(@m

T
()5

T
() 3

T
@7

Area of the region bounded by the curve y? = 4x,
y-axis and the liney = 3 is

()2
(b)=
CF

COF

Smaller area enclosed by the circle x* + y* =4 and
thelinex+y=2is

(@)2(m-2)

(b)ym-2

(c)2m-1

(d) 2 (m+2).

Area lying between the curves y* = 4x and y = 2

is:

2
@z

3

1
(b)

3

1
(97

4
3
@7

Area bounded by the curve y = x3, the x-axis and
the ordinates x=-2and x=11is

(@-9
15
(b) -~
15
() o

17
@

10.

1.

2.

The area bounded by the curve y = x|x|, x-axis and
the ordinates x = -1 and x = 1 is given by

(@) o

() -3

(02

3
4

(d)3

3

The area of the circle x? + y® = 16 exterior to the
parabola y® = 6x is

(a) : (4 - V3)

(b) 5 (41 +3)

(0) 2 (8m-v3)

(d) § (8 +V3)

The area enclosed by the circle x? + y? = 2 is equal
to

(a) 4m sq. units

(b) 2v2 1 sq. units

(c) 47 sq. units

(d) 21t sg. units.

The area enclosed by the ellipse Z—z + Z—z =1is
equal to

(a) m?ab

(b) mab

(c) ma®b

(d) mab®.

The area of the region bounded by the curve y =
x? and the line y = 16 is

(@)=
OE=
©=

(@)=

Very Short Questions:

Find the area of region bounded by the curve y =
x2 and the line y = 4.

Find the area bounded by the curve y = x3,x =0
and the ordinates x=-2 and x = 1.
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3.

Find the area bounded between parabolas y? = 4x
and x?2 = 4y.
Find the area enclosed between the curve y = cos

T .
x,0<x< " and the co-ordinate axes.

Find the area between the x-axis curve y = cos x
when 0sx < 2.

Find the ratio of the areas between the centery =
cos x and y = cos 2x and x-axis forx =0 tox = g
Find the areas of the region:

{(xy):x2+y2<s1<x+4}

Long Questions:

1.
2.

4.

Find the area enclosed by the circle: x2 + y2 = a2.

Using integration, find the area of the region in
the first quadrant enclosed by the x-axis, the line
y =x and the circle x2 + y2 = 32.

Find the area bounded by the curvesy = Vx, 2y +
3 =Y and Y-axis.

Find the area of region: {(x,y): x2 + y? < 8, x% < 2y}.

Case Study Questions:

1.

Ajay cut two circular pieces of cardboard and
placed one upon other as shown in figure. One of
the circle represents the equation (x - 1)2 +y2=1,
while other circle represents the equation x2 +
y2=1.

Based on the above information, answer the
following questions.

i.  Both the circular pieces of cardboard meet
each other at

(a) x=1
1
(b) x=>
1
(€) x=2
1
(d) x=7

ii.  Graph of given two curves can be drawn as.

(k-1 +y*=1

(b)

(c) *= 9) i)

(d) None of these

1
2

iii. Value of J.Jl—(x—l)zdx is
0

B

@ 5%
o 4
© S+

1

iv.  Value of I\/l —x%dxis.
1
2

NG

@ 5y
33
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v. Areaof hidden portion of lower circle is.

(a) 2%-%%] sq. units
(b) g - é] sg. units
(© g+§] sg. units
(d) %—?j sq. units

2. Location of three houses of a society is
represented by the points A(-1, 0), B(1, 3) and
C(3, 2) as shown in figure.

Based on the above information, answer the
following questions

(i) Equation of line AB is.

(a) y=%(x+1)

(b) yzg(x—l)

(© y:%(x+1)

@ y=5(x-1)

(ii) Equation of line BC is.

1 7
a =—X—=
@ vy 275

3 7
b =Zx-=
(b) y X737

- 7
c =—X+—
© vy 2 X+

3 7
d =—X+—
(d y >X+5

(iii) Area of region ABCD is.
(@) 2 sqg. units
(b) 4 sq. units
() 6 sq. units
(d) 8 sqg. units

(iv) Areaof AADC is,
(a) 4 sq. units
(b) 8 sqg. units
(c) 16 sqg. units
(d) 32 sg. units

(v) Areaof AABCis.
(a) 3 sq. units
(b) 4 sqg. units
() 5 sq. units
(d) 6 sqg. units

Answer Key

Multiple Choice Questions-
1. Answer:(a)T

2. Answer: (a) 2

3. Answer: (b)m-2

4. Answer: (b) %

5. Answer: (b) - %

6. Answer: (c)g

7. Answer: (c) 2 (8m-+/3)

8. Answer: (d) 2m sq. units.

9. Answer: (b) mab

10. Answer: (b) 2?

Very Short Answer:

1. Solution: % SQ. units.
2. Solution: % SQ. units.
3. Solution: % sq. units.

4. Solution: % SQ. units.
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5.
6.

7.

Solution: 4 sq. units

Solution: 2: 1.

Solution: % (- 1) sq. units.

Long Answer:

1.

Solution:
The given circle is x2 + y2 = a2 ............ (D

This is a circle whose center is (0,0) and radius

.

a.

Area of the circle=4 x (area of the region OABO,
bounded by the curve, x-axis and ordinates x = 0,
X =a)

[ = Circle is symmetrical about both the axes]

=4 foa ydx [Taking vertical strips] o
= 4!;\/(12 —x%dx

|:'.'(1):>y:4_r\/a2 —x* But region OABO lies in

1st quadrant, .- y is + ve]

2
=4 CR =na* sQ. units.

N3

Solution:

We have:

y=x..(1)

andx2 +y2=32..(2)

(1) is a st. line, passing through (0,0) and (2) is a
circle with centre (0,0) and radius 4v2 units.
Solving (1) and (2) :

Putting the value of y from (1) in (2), we get:

X2+ x2=32

| 105
2x2 =132
x2=16
x=4.
[ region lies in first quadrant]
Also,y =4

Thus, the line (1) and the circle (2) meet each
other at B (4,4), in the first quadrant.

Draw BM perp. to x - axis.

(0. MO!

~ Reqd. area = area of the region OMBO + area of
the region BMAB ...(3)

Now, area of the region OMBO

4
= I ydx  [Taking vertical strips]
0

2

4 o
=jxdx={x—} —~(16-0)=8.
! 2| 2

Again, area of the region BMAB

42
= j- ydx [Taking vertical strips]
0

\32-x% dx

42
= |
0

yz =32-x*=> y= V32-x2, taking +ve sign, as

itlies in Ist quadrant]

= 4i|ﬁ, f(4\/§)2 —x% dx

42
{x 32-x* 32 . 4 x }
= T+_Sln

2 a2
4
1 32 . 4 32 41
={Z24J2x0+=sin " (1)} -1 =/32-16 + —=sin "+ —
{2 V2x0+Zrsini( )} {2 2" 2
=0+16(Ej—(2x4+16x5j
2 4
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=8n-(8+4m)=4n-8
~ From (3),

Required area = 8 + (41 - 8) = 41 sq. units.

3. Solution:

The given curves are

and 2y + 3 =x...(2)

Solving (1) and (2), we get; 2y+3=y
Squaring, 2y + 3 = y?

>y22-2y-3=0
=>(y+1)(y-3)=0=>y=-1,3
=y=3[+y>0]

Putting in (2),

x=2(3)+3=09.

Thus, (1) and (2) intersects at (9, 3).

Y

A
ii’

‘I'

-

.. Reqd. Area :Is(2y+3)dy—j()3y2dy
3
_[,2 s |y
_[y +3y}0 { 3 }
0
27
_(9+9)_(?j

=9+ 9 -9 =9sq. units.

4, Solution:

The given curves are;

Solving (1) and (2):

8 - y2=2y

=>y2+2y-8=0

=>y+4)y-2)=0

=y=-42

=>y=2.[vy>0]

Putting in (2),x%2 =4

=>x=-20r2.

Thus, (1) and (2) intersect at P(2, 2) and Q(-2, 2).

. 2 2 2 X2
.. Required area =J_2 8—x dx—j_z?dx

:[J';\/(z\/i)iz—xzdx—jjédx}
A ()

_2+4sin’1 (%J—O}%[S—o]

_a.8[T)_8_ (2 sq. units.
4) 3 3

Il
N

Case Study Answers:

1.

Answer:
i. (b)x=%
Solution:

We have, (x-1)2+y2=1
= y=y1-(x-1)
Also X’ +y* =1= y=+1-x*

J1—(x-1) =1-2*

= (x—l)2 =x*

=2x=1
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b4 3
iii. (a) =——
(a) e 8
Solution:

v. ()
Solution:
1
=2 T«’l—(x—l)zdx+j.\/1—x2dx
0 1
2
:{E_ﬁﬂ_ﬁ}
6 8 6 8

3 4 3 2

= Z{E —ﬁ} = (Z—K —ﬁjsq. units
2. Answer:

i. (a) y=%(x+1)

Solution:

Equation of line AB is

3
y—O—m(x+1):y—E(x+1)

ii. (c) y:%x+%

Solution:

Equation of line BCis y—3= %(x +1)

:>y:—1x+1+3:>y:_—1x+Z
2 2 2 2
iii. (d) 8 sq. units
Solution:
Area of region ABCD = Area of AABE + Area
of region BCDE

=3+ 5 =8 sq. units
iv. (a) 4 sqg. units

Solution:

2-0
Equation of line AC is y—0=——(x+1
d y=0=57(x+1)

=y=3(x+1)

31 2 1]
.. Area of ADC = = | =(x+1)dx=| —+=x
2 42|,

-1

9 311 .
=—+4———+—==4sq.units
4 2 4 2
v. (b) 4 sq. units
Solution:
Area of AABC = Area of region ABCD - Area

of AACD =8 - 4 = 4 sq. units
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Differential Equations

10.

11.

12.

Differential Equation: An equation involving derivatives of the dependent variable with respect to
independent variable (variables) is known as a differential equation.

Linear and non-linear differential equation: A differential equation is said to be linear if unknown function
(dependent variable) as its derivative which occurs in the equation, occur only in the first degree, and are not
multiplied together. Otherwise, the differential equation is said to be non-linear.

Order: Order of a differential equation is the order of the highest order derivative occurring in the differential
equation.

Degree: Degree of a differential equation is defined if it is a polynomial equation in its derivatives.

Degree (when defined) of a differential equation is the highest power (positive integer only) of the highest
order derivative in it.

Solution: A function which satisfies the given differential equation is called its solution.

General Solution: The solution which contains as many arbitrary constants as the order of the differential
equation is called a general solution.

Particular Solution: The solution free from arbitrary constants is called particular solution.

To form a differential equation from a given function we differentiate the function successively as many times
as the number of arbitrary constants in the given function and then eliminate the arbitrary constants.

Variable Separable method: Variable separable method is used to solve such an equation in which variables
can be separated completely i.e., terms containing y should remain with dy and terms containing x should

remain with dx.

A differential equation which can be expressed in the form z—i f(x,y) or %g(x, y) where, f(x, y) and g (x,

y) are homogenous functions of degree zero is called a homogeneous differential equation.

A differential equation of the form Z—i + Py = Q, where P and Q are constants or functions of x only is called a

first order linear differential equation.
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'»-\ Chapter- 9 : Differential Equations . /

nly one independent variation, then we call it as an ordinary dnffetenhal

RSP equation. For eg: 547 ("’ -0 .
i Itis used to solve such an equation in which variables can be .. A C...3 O
separated completely. For egpdx=xdy can be solved as :

%:ﬁ:{_ Integrating both sides log x=log y + bgc=%=c=x=cy

(el icrcos MR S it ;;';,;;;;;a;;;;;;;;;fu'gﬁ;;;;;a;;'ag;;;a;;'&;;;;;.;;g‘
i dy _

Variable Saparation m the Differential Equatlon For eg: the order of :

Method : ls one and order of dx_ +x=0 is two. E

The order of a Differential Equations representing a
family of curves is same as the number of arbitrary
constants present in the equation corresponding to the
family of curves. For eg: Let the family of curves be
y = mx, m = constant, y'=m

dy dy

y=y'x=’y=;x=bx-;—y=0.

SeessssassssaseessisaRencIsaRenTastRtsRRRsItsRaRRIttS,

Equation which can be ex
inthe form® — 7 (5,3) or & (%),
where, f (x, y) and g (x, y) are homogeneous
functions of degree zero is called a homogenous;
Differential Equation
Foreg: (x* +xy)dy=(x*+y* )dx

To solve this, we substitute -'E:v = y=wx.

" Degreeofa

%
Differential
_ Equation /J

: Itis defined if the Differential Equations is a
: polynomial equation in its derivatives, and is

Srvvanenennnne

defined as the highest power (positive integer

: only) of the highest order derivative.

: =25

= y + _ 0 is three
dx

Differential
Equations

For eg: the degree of

Order and degree (if defined) of a D.E. are always
\ : positive integers. :

Solution of a
Differential Equation

i A function which satisfies the given
Differential Equation is called its solution.
: The solution which contains as many
arbitrary constants as the order of the D.E.
: is called a general solution and the solution
free from arbitrary constants is called
: particular solution.

§ t Foreg: y=¢*+1 isasolutionof y" -y = 0.
-Smcey e'and y'=e = y" y"e" e'= 0'

i To form a Differential Equation from a given function,
we differentiate the function successively as many
times as the no. of arbitrary constants in the given
function, and then eliminate the arbitrary constants.
For eg: Let the function be y = ax+b, then we have to
differentiate it two times, since there are 2 arbitrary
constantsand b. .- y'=a = y"=0.Jhus y"=0is the

A Differential Equahon of the form Q+ Py= Q,
: i where P, Qare
iconstants or functions or '’ only is called a first

:order linear Differential Equations its solution is
F yelmr J'Q ejmdx+c Foreg: iil+3y_2x has
soluhonye[ IerI’ dx+c = ye’* foe"-i-c

Fesesansarsnnna RN
cenann
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Important Questions

Multiple Choice questions-

The degree of the differential equation:

2. )3 2
[‘;—{J J{g—y) +sin(g—yj+ 1=0is
X x X

()3

(b) 2

(a1

(d) not defined.

The order of the differential equation:

2
224 3

T o +y=0is
(a) 2
(b)1
(90
(d) not defined.

The number of arbitrary constants in the general
solution of a differential equation of fourth order
is:

(@0

(b) 2

(03

(d) 4.

The number of arbitrary constants in the
particular solution of a differential equation of
third order is:

(@3

(b) 2

(91

(d) 0.

Which of the following differential equations has
y = c1 X+ cz e* as the general solution?

(a) +y=0

OF= axz

(c) — + 1=0

()% d—y -1=0

Wthh of the following differential equations has
y = x as one of its particular solutions?

d? d
@=2-x*Zixy=x

dx2 dx
(b] + x — + Xy =X
(@ ZT}Z/ X2 = o tXy = 0

(@ 5F X+ xy=0

10.

The general solution of the differential equation
Z—z =exis

(a)ex+ev=c

(b)ex+ev=c

(Jex+ev=c

(d)ex+ev=c.

Which of the following differential equations
cannot be solved, using variable separable
method?

(a) Z—y + exty + ex*y
X

(b) (y* - 2xy) dx = (x* - 2xy) dy
(C)Xyd—y= 1+x+y+xy

(d)—+y 2,

A homogeneous differential equation of the form

dx

substitution.

(@)y=vx

(b)v=yx

()x=vy

(d)x=v

Which of the following is a homogeneous
differential equation?

(@) (4x+ 6y +5)dy - (3y + 2x+4)dx=0
(b) xy dx - (x* + y*)dy = Q

(0) (x3+2y?) dx+2xydy=0

(d) y* dx + (x* - xy - y*)dy = 0.

d—yzh[iJcan be solved by making the
y

Very Short Questions:

1.

Find the order and the degree of the differential

4
. d?y dy)2
2= = —_
equation: X _— [1 + (dx

Determine the order and the degree of the

3 2
differential equation: (z—z) + Zy% =0
Form the differential equation representing the
family of curves: y = b (x + a), where « and b are

arbitrary constants.

Write the general solution of differential
equation:

d_y = exty
dx

Find the integrating factor of the differential
equation:

Y _ oy = yle-
s 2x =y3eVy
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6.

Form the differential equation representing the
family of curves y = a sin (3x - b), where a and b
are arbitrary constants.

Short Questions:

1.

Determine the order and the degree of the
differential equation:

Form the differential equation representing the
family of curves: y = e2* (a + bx), where ‘a’ and ‘h’
are arbitrary constants.

Solve the following differential equation:

dy .
—+y=CO0sX-sInx
dx

Solve the following differential equation:

dx
o TX= (tany + sec2y).

Long Questions:

1.

Find the area enclosed by the circle:

X2 +y2 = a2,

Using integration, find the area of the region in
the first quadrant enclosed by the x-axis, the line
y = x and the circle x2 + y2 = 32.

Find the area bounded by the curves y = Vx, 2y +
3 =Y and Y-axis.

Find the area of region:

{(xy): x%2 +y2< 8, x2< 2y}

Case Study Questions:

1.

If the equation is of the form Z—y =py =Q, where
X

P, Q are functions of x, then the solution of the
differential equation is given by ye

yefpdx — JQ ejpdxdx +c¢, where e-[pdx is called the

integrating factor (I.F.).

Based on the above information, answer the
following questions.

i.  The integrating factor of the differential

equation sin xj—y +2y cos x =1is (sin x)",
X

where A =

(@ o0
(b) 1

(0 2
(d) 3

ii. Integrating factor of the differential

equation (1 —xz)%v —xy=1is

(a) -x

X

b
() 1+x°

© J1-x

(@ Jlog(1-x")
, dy x .
iii. The solution of d—+y=e , y(0)=0is
X

(@) y=e'(x-1)
(b) y=xe™

(@) y=xe*+1
(d) y=(x+1)e™

. . d .
iv. General solution of d_y + ytanx =secx is:
X

(@) ysecy=tanx+c
(b) ytanx=secx+c
(c) tanx=ytanx+c
(d) xsecx=tany+c
v. The integrating factor of differential

equation b_ 3y =sin2xis:
dx

(a) &
(b) e
(©) e*
(d) xe™*

If the equation is of the

form d_y = M or d_y = F(X], where f(x, ),
dx g(x,y) dx X

g(x, y) are homogeneous functions of the same
degree in x and y, then put y = vx and

d d
Y _v+ X(—V), so that the dependent variable y
dx dx

is changed to another variable v and then apply
variable separable method.

Based on the above information, answer the
following questions.

d
i.  The general solution of x* d_y =x*+xy+)°
X

is:

(a) tan'X= log|x|+c
y

(b) tan?? = log|x| +c
X

(c) y=xlog|x|+c
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(d) x:ylog|y|+c

ii. Solution of the differential equation

2xyd—y =x? +3y"is:
dx

(@) x>+ y2 =cx?
2 3

x Y 2
b) —+Z—=y"+c
(b) —-+5=y

() x*+ y3 =cx?

(d) X2+ y2 =cx’

iii. General solution of the differential equation

(x* +3xy+ y*)dx—x*dy =0is:

X+y

—logx=c

(a)

0 XY tlogx=c
y

—logx=c

(c)

X+y

(d) L+10gx=c
X+y

iv.  General solution of the differential equation

& :X{log(zj+ 1} is:
dx x X

() log(xy) =c
(b) logy =cx

(9 logZ =cx
b's

(d) logx=cy
v. Solution of the differential

[xd—y—yjeﬁ =x% cosx is:
dx

v
(@) e* —sinx=c
vy
(b) e* +sinx=c
(c) e* —sinx=c

v
(d) ex +sinx=c

Answer Key

Multiple Choice questions-

1.

AR

© o N o

Answer: (a) 3
Answer: (a) 2
Answer: (d) 4.
Answer: (d) 0.

2
Answer: (b) ZTJZ] -y=0

d’y  ,dy
Answer: (c)—=-x"—+xy=0
( )dx2 dx y

Answer: (a) ex+ev=c

Answer: (b) (y? - 2xy) dx = (x? - 2xy) dy
Answer: (c) x=vy

Answer: (d) y* dx + (x* - xy - y?)dy = 0.

Very Short Answer:

1.
2.
3.

Solution: Here, order = 2 and degree = 1.

Solution: Order = 2 and Degree = 1.
Solution:

We have: y=b(x +a) ...(1)

Diff. w.r.t. x, b.

2
Again diff. w.r.t. x, d—)zz =0,
dx

which is the reqd. differential equation.

Solution:

d
We have: = = exty
dx

= e¥ dy = exdx [Variables Separable
Integrating, J-e‘y dy+c= I e*dx

= —eV+c=eX

= eX+e¥=c

Solution:

The given equation can be written as.

d_y_z_x=yzefy
dx y

,szy
S IF.=e™”

1
log—-
2uogly _, oy _ 1

=e yZ

Solution:

We have: y - asin (3x-b) ...(1)
Diff. W.rty Z—z =acos (3x-b).3
=3acos (3x-b)

&y _ -3asin (3x-b) 3

dx?
=-9asin (3x-b)
= -9y [Using (1)]

equation
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d?y
dx?

which in the reqd. differential equation.

+9y =0, m

Short Answer:
1. Solution: Order = 2 and Degree = 1.
2. Solution:

We have: y = e2* (a + bx) ...(1)

Diff. w.r.t. x, % =e2x (b) + 2e2x (a + bx)

d_y = 2x
== be2x + 2y .o (2)
Again diff. w.r.t. x,
‘12_32/ = ZbeZX + 22x
dx
a%y ., ay dy
ﬁ_z (dx_zy) +dx
[Using (2)]

2
Hence, d—jz' -4 v, 4y = 0, which is the reqd.
dx dx

differential equation.
3. Solution:
The given differential equation is:

d . . .
é +y = cos X - sin x dx Linear Equation

~ LF. = eftdx = ex
The solution is :
y.ex= [ (cos x — sin x) exdx + C
= yex=excosx+C
ory=cosx+Cex

4. Solution:

The given differential equation is:

dx
ax - 2
AR (tany + sec?y).

Linear Equation

« LF. =]ldy = ey

=~ The solution is:

x.ey = [ ey (tany +sec? y)dy + c

=X.ey=eytany+c

=x=tany + c e?¥, which is the reqd. solution.

Long Answer:

1. Solution:

v

d_y_yZ _XZ B X2
dx  2xy 2y

X
Put sz
X
= yzvxandsod—y:erxﬂ
dx dx

dv v?-1
SVAX—=
dx 2v

xdv __(1+v2)
dx 2v

dx 2vdv

- _——

J.x '[1+v2

log x = -log (1 + v2) + log C

x(1+v¥)=C

2
x<1+ y—z)zC
X

x2+y2=_C.

Solution:

dy 2x 1
-t 2V = 22
dx 1+x (1+x)

J'Zx

LF. =’ 17 4+¢80) = (14 x%)

Solution is y(1+x?)= J‘l%dx
+Xx

=tanlx+C
Wheny=0,x=1,
then0=%+C

z

CE

4
.'.y(1+x2)=tan'1x—%

e, y= tan' x . =m
- 1+x%  4(1+x%)
Solution:

We have: y = aebx+5+5 ...(1)
Diff. w.r.t. x, Z—z = aebx+5, (b)
2 = dy ....(2) [Using (1)]]
Again diff. w.r.tx.,

b 2...(3)

o Rl e
Dividing (3) by (2),
dy dy
& _dx
dy y
dx
d*y dyjz
= y—==|=
de2 (dx
d*y dy)z
= y—=—|Z| =0
de2 (dx

which is the required differential equation.
Solution:

The given differential equation is:
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xdx—ye’\1+x* dy=0

— yedy =0 [Variables Separable]

- x dx
N1+x2

x dx
Integrating, —|yeddy=c ..(1
grating fm [ye” dy (1

Now, [——=—dx =% Ja+xy™* @x)dx

N1+x2
241/2
100 s

2 1/2
And, Iyeydy:y-ey —I(l)eydy
[Integrating by parts]
=ye-¢.
.'.From(l),m—(yey —-e¥)=c
= J1+x* =c+e’(y-1) .(2)

Whenx=0,y=1,~1=c+c(0)=>c=1.
Putting in (2), V1 + x?2=1+e¥(y-1),

which is the reqd. particular solution.

Case Study Answers:
1. Answer:
i ()2
Solution:
The given differential equation can be
d—y+2ycotx =cosec x
written as 9%

I.F.=ejdx =e*

X —X
L -e :Ie dx+c
Now, solution is Y

= ye* = I dx+c
= ye' =x+c
= y=xe “+ce "
 y(0)=0 = c=0
Loy=xe”

iv. (c)ysecy=tanx+c
Solution:

dy

— + ytanx =secx
We have, dx

Itis a linear differential equation with,

tan x dx I
I.F.=eI — 8k _gec x

2
L secx:_fsec xdx+c
Now, solution is Y

= ysecx=tanx+c
v. (c)e¥

Solution:

d—y3y =sin 2x
We have, 9X

It is a linear differential equation with,

T

Answer :

Y
tan * =log|x|+c

S LE. = ejzcowdx = g?logkindl _ (sin x)* Lo
Solution:
SA=2 5 )
dy _x“+xy+y
/ 2 - 2
i (¢ V1-x We have, X X
Solution: d
y=vx and—y:V+xd—v
d X
(1_X2)_J’_W:1 Put
We have, dx dv  x*+xxvx+vix? 2
LVHX——=——————=14V+V
dy  x 1 X X
dx 1-x* 1-x? 2 dv dx
= x—=1+v 3.[ 5=|—+c¢
Jd X 1+v X
s IF.=e 17X =e21-¥
= tan 'v=log|x|+c
1 1
Elog(lfxl) _ elog[lfxz)i 1 —XZ W
= tan * =log|x|+c
iii. (b)y=xe™
Solution: i (d)x*+yt=od
Solution:
ay
dx ty=e We have,
We have, 9X J
It is a linear differential equation with 2xyd—y =x*+3)°
X
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2 2
b _x+3y
dx 2xy

dy dv
~ =V+X—
Puty=vxand 9X dx
] dv  x*+3v*x?
LVAX—=——
dx 2vx*
dv 1+3v°
X—= -v
dx 2v

ﬂ_1+v2
dx 2v

= J.ler‘j/Z dv=.fd—)j+logc

= X

= log|1+v2|:log|x|+log|c|

= log |v2 +1| =log|xc|

2
pa
e

=S VvVi+l=xc = Z+1=xc

= x*+y*=x%c

+logx=c

ii. () XtV
Solution:
We have,
(x*+3xy+y?)dx-x*dy=0

2 2
_ X +3xy+y :@

x2 dx
D g
Puty =vx and dx dx
x2 +3x% v+ X3 ( dv)
" — S - V+X—
X dx

= 1+3v+V? =v+xﬂ
dx

= 1+2v+v? :xﬂ
dx

iv.

= Id—;—I(V+1)_2 =dv=c

1
logx+——=c
v+1

= logx+

=C
X+y

logZ
() X

Solution:
Z—y = X{log(zj + 1}
We have, XX X

Puty = vx and dx dx

=X

d
v+xd—:: :v{log(v+ 1)}

dv
= x— =vlogyv
dx

dv dx
= J.vlogv_fy = log|logv| =log|x|+log|c|

= log(lj =cx
X

&, q
(a) e* —sinx=c

Solution:
(xd—y—y) e% =x?cosx
We have, dx
— (d_}’_Xjef =XCOSX
dx x

yav
= Xe * =XCoSXx
= Ie”dv:jcosx dx
= e’ =sinx+c

4 .
= e¥ —sinx=c
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Vector Algebra

Top Concepts

1.
2.

10.

11.
12.

13.
14.
15.
16.

17.

18.
19.

A quantity which has magnitude as well as direction is called a vector.

A directed line segment is called a vector.

The point X from where the vector starts is called the initial point and the point Y where it ends is o
called the terminal point. dh
For vector XY, magnitude = distance between X and Y, denoted by |XY|, and is greater than or equal L

to zero.

The distance between the initial point and the terminal point is called the magnitude of the vector. |
The position vector of point P = (x1. y1. z1) with respect to the origin is given by OP = # = \/x? + y{ + z2.

If the position vector OP of a point P makes angles «, § and y with the x, y and z axes, respectively, then «, 3
and y are called the direction angles and cos «, cos § and cos y are called the direction cosines of the position
vector OP.

A=cos @, m = cos f and n = cos y are called the direction cosines
of 7.

The numbers Ir, mr and nr, proportional to I, m and n, are called
the direction ratios of the vector 7 and are denoted by a, b and c.
In general, 12+ m2 + n2 = 1, buta? + b2 + c2 # 1.

Vectors can be classified on the basis of position and magnitude.
On the basis of magnitude, vectors are classified as zero vectors
and unit vectors. On the basis of position, vectors are classified as
co- initial vectors, parallel vectors, free vectors and collinear
vectors.

A zero vector is a vector whose initial and terminal points coincide and is denoted by 0.0is called the additive
identity.
A unit vector has a magnitude equal to 1. A unit vector in the direction of the given vector d is denoted by @.

. N ~ a . . . . . >
For a given vector a , the vector 4@ = a gives the unit vector in the direction of d.

Co-initial vectors are vectors with the same initial point.
Collinear vectors are parallel to the same line irrespective of their magnitudes and directions.
Two vectors are said to be parallel if they are non-zero scalar multiples of one another.

Equal vectors, as the name suggests, are vectors which have the same magnitude and direction irrespective
of their initial points.

The negative vector of a given vector d is a vector which has the same magnitude as d but its direction is the
opposite of @ .

A system of vectors is said to be coplanar, if the vectors lie in the same plane.

Reciprocal of a vector: A vector with the same direction as that of the given vector d@ but magnitude equal to

the reciprocal of the given vector is known as the reciprocal of d and is denoted by a™?.

Thus, if d is a vector with magnitude a, then |a'1| = é
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20.
21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

A vector whose initial position is not fixed is called a free vector.
Two vectors can be added using the triangle law and parallelogram law of vector addition.

Triangle Law of Vector Addition: Suppose two vectors are represented by two R
sides of a triangle in sequence, then the third closing side of the triangle represents
the sum of the two vectors.

PQ+QR=PR b Q
Parallelogram Law of Vector Addition: If two vectors @ and b are represented by
two adjacent sides of a parallelogram in magnitude and direction, then their

sumd + b is represented in magnitude and direction by the diagonal of the ; 4
parallelogram.
OA+0B=0C
Vector addition is both commutative as well as associative. -
Thus, (i) Commutative: For any two vectors d and b, we have A
i+b =b+d
(ii) Associativity: For any three vectors, d, E, and ¢ , we have
(@+Bb)+¢é =d +(b+07)
Difference of vectors: To subtract a vector BC from vector AB , its negative is (€}
added to AB.
BC'=-BC i B
AB+BC =AC
_, AB-BC-AC -
For any two vectors a and b, we have ‘EHB‘ S‘EI‘-G—‘B‘.

For any two vectors a and b, we have ‘EI—B‘ S‘EI‘ +‘B‘

For any two vectors a and b, we have ‘EI—B‘ ZHEI‘ —‘BH.

If d is any vector and k is any scalar, then the scalar product of @ and k is kd. k d is also a vector, collinear to
the vector d.

k > 0 = k dhas the same direction as d.

k < 0 = k d has the opposite direction as d.

Magnitude of k @ is |k| times the magnitude of vector k d.

Unit vectors along OX, OY and OZ are denoted by i, j and k, respectively.

Vector OP = 7 = xi+ yj + zk is called the component form of vector r.

Here, %, y and z are called the scalar components of 7 in the directions of - )
N ~ P(x.y .2
and i, f and k, and

xi, yj and zk are called the vector components of the vector r along the
respective axes.

C{0.0,1)

Two vectors @ and b are collinear & b =k d, where k is a non-zero scalar. A(1,00)
Vectors d and k d are always collinear.

If @ and b are equal, then |d| = |b|. &
If P(x1, y1, z1) and Q (X2, y2, z2) are any two points, then the vector joining P and Q is P_Q) = position vector of Q
— position vector of P, i.e,, PQ= (x, —x;) i+ (v, =) j +(z,—2,) k.

Components of a vector in two dimensions: If Q is a point X(a, b), then

(i) 0Q=di+bj
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35.

36.

37.

38.
39.

40.

41.

(i) |0g[=va*+p?
(iii) The components ofWalong the x-axis is a vector af whose magnitude is |a] and whose direction is along

OX or OX' as a is positive or negative.

(iv) The components of w along the y-axis is a vector bj whose magnitude is |b| and whose direction is
along OY or OY’ as b is positive or negative.

Components of a vector in three dimensions: If Q is a point X (a, b, ¢), then

(i) 0Q=ai+bj+ck

(i) |@| —Ja + b+

(iii) The components of Fd along the x-axis is a vector al whose magnitude is |a| and whose direction is

along OX or OX' as a is positive or negative.

(iv) The components of w along the y-axis is a vector bj whose magnitude is |b| and whose direction is
along OY or OY' as b is positive or negative.

(v) The components of 0Q along the z-axis is a vector ck whose magnitude is |c| and whose direction is
along OZ or 07’ as c is positive or negative.

Collinearity of vectors: If @ and b are two collinear or parallel vectors, then there exists a scalar k such that
@ =kb.

Two non-zero vectors @ and b are collinear if and only if there exists scalars x and y, not both zero, such that
xd +yb =0.

Ifdand b are any two non-zero non-collinear vectors and x and y are scalars, then xa+yb=0 = x=y=0.
Three points with position vectors d, b and & care collinear if and only if there exists three scalars x, y and z,
not all zero simultaneously, such thatxd +yb +z¢ =0andx+y+z=0.

- -
Letd and b be two given non-zero non-collinear vectors. Then any vector # coplanar with @ and b can be

uniquely expressed as # = md + nb for scalars m and n.

Three vectors @, b and ¢ are coplanar if and only if

ld + mb +nc¢ =0, where I, m and n are scalars not all zero simultaneously.

42.

43.

44,

45,

Ifd, b and ¢ are any three non-zero non-coplanar vectors, and x, y and z are scalars, then xd + yB +26=0>
x=y=z=0.
Geometrical interpretation of the scalar product: scalar product of two vectors d and b is the product of

modulus of either @ or b, and the projection of the other in its direction.

Projection of vector AB, making an angle of 8 with the line L, on line L B

is vector P = |E| cos 6. e

Properties of a scalar product: a

(i) Scalar product is commutative, ie, @.b =b.d yihd |
(ii) Distributive property of a scalar product over addition: A P c

d-(b+0)=d-bra-c
(b-c)-a=h-a+c-a
(iii) If the scalar product d. b =0,thendand b are perpendicular to each other.
(iv) Ifdand b are perpendicular to each other, then the scalar product a-b=0.
(v) Ifd isanyvector,thend.d |d|2
(vi) 1fd and b are two vectors, then (md). b = m(d.b) = @ . mb, where m is a scalar.

(vii) If @ and b are two vectors, then ma-nb=mn(a-b)=(mna)-b=a-mnb, where m and n are scalars.
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(viii)If @ and b are two vectors, then
a-(-b)=—a-b)=(-a)-b
(-a)-(-b)=a-b

(ix) If aand b are two vectors, then
o+ =|af +|p[ +2a-B
a5 =|af +[p[ ~2a-B

(a+5)-(a~B)=|d ~[gf

46. The vector product of two non-zero vectors d and b denoted by d X b is defined as
ixb =|&||E| sin sin 07, where 8 is the angle between d and b,0< 6 <m andhisa

unit vector perpendicular to both d and b. Here, d, b and 7, form a right-handed

system.
47. Properties of a vector product:
(i) dxb isavector.
(i) Vector product is not commutative.

axb=—(bxa)

axb

bxa a
-axb

(i) If a and b are non-zero vectors, then axb=0 if and only if aand b are collinear, i.e. axB:0<:>a|| b,

here either 6 =0 or 6 = .

(iv) If 6:§,then ‘&B‘:‘&HB‘.

(v) If aand b are two vectors, X is a scalar, then Aaxb=A(axh)=ax\b

(vi) If aand b are two vectors, and A and p are scalars, then Aaxub=Au(axb)=A(axub)=p(raxb)

(vii) Vector product is distributive over addition.

If &, band c are three vectors, then
(i) ax(b+c)=(axh)+(axc)
(i) (b+c)xa=(bxa)+(cxa)

(viii)Vector product is distributive over subtraction.

If &, band c are three vectors, then
(1) ax(B—E)z(axB)—(axE)
(i) (b—-c)xa=(bxa)—(cxa)

(ix) If we have two vectors aand b given in component form as,

a= alf +a2} +a31:’ and b= blf +b2} +b31:'

ij Kk
then axb=|a, a, a
bl bZ b3

by

(x) For unit vectors i, j and

)

~

jxf:—IG;l:’x}':—f;fxl:’:—]
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48.

49,

50.
51.

52.

53.

54.

55.

56.

57.

58.

(xi) axb=0as6=0..sin60=0
ax(—a)=0as0=m..sin0=0

alb = 62% = sin0=1 = axb=

(xii) The angle between two non-zero vectors aand bis given by

‘axb‘ ‘axB‘
orf=sin"
[l [l

Let @ and b be two vectors. Then the vectors perpendicular to d and b with magnitude 'k’ are given by
+k(axh)
jaxB]

sinf=

The area of a parallelogram is equal to the modulus of the cross product of the vectors representing its
adjacent sides.

A= ‘EI X B‘
The area of a parallelogram with diagonals ¢ and d is % | x d|.

The area of a triangle is equal to half of the modulus of the cross product of the vectors representing its
adjacent sides.

A=1‘ax5‘

2

The area of A ABC is lx‘TBxﬁ" or l‘ﬁ‘xﬁl‘ or 1‘@x@‘
2 2 2

The area of a A ABC with position vectors of the vertices A, B and C is area of AABC =% axb+bxc+cxd.

The length of the perpendicular from C on AB = ‘' - +£’ X€+ o
a-b

The length of the perpendicular from A on BC = g +£) = S i §
b—c

The length of the perpendicular from Bon AC = axb +? X E rexa
c—a

The area of a quadrilateral ABCD is %‘Ex@‘, where, AC and BD are its diagonals.

The vector sum of the sides of a triangle taken in order is zero.

Top Formulae

1.

Properties of addition of vectors

(i) Vector addition is commutative
a+b=b+a

(ii) Vector addition is associative.
a+(b+c)=(a+bh)+c

(iii) 0 is an additive identity for vector addition.

a+0=0+a=a
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10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

The position vector of the point C which divides AB internally in the ratio m : n is given by OC = M.
m+n
. . o . . o . mb-na
The position vector of the point C which divides AB externally in the ratio m : n is given by OC = ———.
m-—n

Linear combination of vectors @, B, and C is of the form 7 = xd + yB +zC, where x, y and z are the scalars.
. . a+b+c L . .
The position vector of the centroid is —3 where @, b and ¢ are the position vectors of the triangle.

Magnitude or length of the vector r= xi + y}'+ zk is |r7| = \/xz +y*+ 78

Vector addition in component form: Given 1 = xlf + ylj + le:' andr, = xzf + yzj + ZZI:’, then
n+n=(x +X2)f+(y1 +yZ)j+(Z1 +Zz)]:'-

Difference of vectors: Given r = xlf + ylj + le:' andr, = xzf + yzj + ZZI:’, then
n—n=0-%)i+(y-,)j+(z _Zz)]‘:-

Equal vectors: Given 1, = xlf + ylj' + zll:’ andr, = xzf + yzj + Zzls, then E = r; if and only if
X\ =X =V 21 =2

Multiplication of r= Xi + y}' +zk with scalar k is given by kr =(kx) i+ (k) }+ (kx) k.

For any vector, r in component form r=xi +yj+zk, then X, y and z are the direction ratios of r and

X y z . .
, and are its direction cosines.
\/xzy2 +27° \/xz SRyEREE JE+ Y+
The direction ratios of the line segment joining points (x1, y1, z1) and (X2, yz, z2) are proportional to x2 - X1, y2
- V1, Z2 - Z1.

i

Na? +b? +c?

If a vector 7 has direction ratios proportional to a, b and , then r = (af + b}' +CI:’).

Letdand b be any two vectors and k and m be two scalars, then
(i) ka +md =(k+m)d

(i) k(m d)=(km)a

(iii) k(@+b)=kd +kb

Vectors r, = xlf + ylj + lez andr, = xzf +y2} +2212 are collinear if
(xlf + ylj + lez) = k(xzf + yzj + ZZIG)

i.e.x; = kx,; ¥, = ky,; z, = kz,

X Z
or L_N_%A1_ g

Xo Vo 2
The projections of a vector # = X + yj + zk on the coordinate axes are 1#, m#, n#, where I, m and n are the
direction cosines of the vector 7.
The scalar product of vectors a and b is d. b= |d||b|cos 6, where 8 is the angie between vectors d and b.

The scalar product in terms of components: Let d and b be two vectors such that

a=a,i+a,j+ a312 andb=b,i +b, ]+ b3l€, then a-b=a,b, +a,b, +a,b,

Qo
S

Lo b .
The angle between two non-zero vectors d and b is given by cos®=—— or 8=cos !

| )

Qo

S
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20.

21.

22.

23.
24.
25.

26.

27.

28.

29.

30.

31.

32.

Letd and b be two vectors such that d = a;i + a,j + azkand b — byt + b,j + bsk,then the angle between

the two non-zero vectors @ and b is given by

a,b, +a,b, +a;b,

9=C0571 2 2 2 2 2 2
\/al +a; +a; -\/b1 +by +b;

Letd and b be two vectors. Then
(i d.
(i)
(iii) d.b <0 ifand only if 8 is obtuse.

-

0 if and only if d is perpendicular to b.

Q¢

b=
.b >0ifand only if 8 is acute.

Components of a vector along and perpendicular to vector: Let d and b be two vectors. Then the components
of b along and perpendicular to d are a%f aand b— aT-iy a respectively.

g g
The projection of # on the X, Y and Z axes are %, y and z, respectively, where 7 - xi + yj + zk.
If # = xi + yj + zk, then x, y and z are called the components of # along X, Y and Z axes, respectively.
If # - xi + yj + zk is a vector making an angle a, § and y with the X, Y and Z axes, respectively, then,
r :H [(cos a)i +(cosB)j +(cos y) ] and cos® o+ cos? B+ cos”y =1.

For unit vectors 1, jand k , { j=k.k=1landi.j=j.k=k.i=0

o~

. . . . = N B r Xi +yj + zk
The unit vector in the direction of vector r=xi + yj+zk is — :¢
H \/x +y* + 27

Projection of a vector d on other vector bis given by:
( -b)
"I \ M

Cauchy-Schwarz Inequality:

ja-B{<[el- [

Triangle Inequality:

ja+B[<d+[5)

The vector product of vectors aand b is axb= ‘a‘ ‘B‘ sinOn.

Geometrical meaning of vector product:
Let d and b be two non-zero, non-parallel vectors.
Then the cross-producta’ X b is a vector with magnitude equal to the area of the parallelogram having @ and

b as its adjacent sides and direction 7 is perpendicular to the plane of @ and b.
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4
.

Class : 12th Maths

Chapter- 10 : Vector Algebra

EsssERERRRRERn,

direction of a. foreg ifa=5i, then g =

M.

Foragivenvectora,thevectora=|al gives the unit vector in the :

=i ,which is a unit vector.:

-c---‘

-u

ratiom : n

) Yaten Bl 212

The Position vector of a point R dividing a line segment
joining P,Q whose position vectors are a, b resp., in the

, (ii) externally is

mb—na
m—n

Aarssxanasann

= cos.0=—+

alle

If a, b are the vectors and '0', angle between
them,thentlfirsalarproducta.b =|al|b|cos.6:

h--.- rrennw

i axb =|a||b|sin0;1,;: is a unit vector
i perpendicular to lme joining a,b -

..........

A is any scalar, then-

a+b= (a,+b,)1+(a2+b )j+(a,+b )k

- ha=(Aa,)i+(Aay)ji+(hay )k
ab=ab, +a, b, +a,b; and

~ ~ -~

i 3 Kk
axb=\a, a, a
lh l& lﬁ

e tw :
a=aji+a,j+ak, b= bl+sz+bkand

The vector sum of two coinitial
vectors is given by the diagonal :

of the parallelogram whose :

adjacent sides are given vectors. :

C

D

then AB+AC=AD

B

if 4B,AC are the given vectors,

Cross Product of
two vectors

Vector Algebra

Properties of
Vectors

If A Multiplied to
vector AB, then the
magnitude is
multiplied |A| by and
direction remain
same (or opp.)
according as
Ais the + ve or, ve-

ﬁonvectorofapointP(x,y,z)isxz+y]+zk anditsmagmtudeis-
OP(r)=J¥ +y* + 2 .For eg: Position vector of P (2,3,5) is 2i+3j+5k
and its magnitude is |27 +3* 457 =/38.

e T

:The

: respective axes.

I=—.m—-b-,n <
r

{ if ABC is given triangle, then
: AB+BC+CA=0.

Direction ration
and direction
cosines

...............................

“ A quantity that has both

* magnitude and direction is
called a vector. The
 distance between the
“initial and terminal points :
 of a vector is called its ;
- magnitude. Magnitude of :
vector AR is |AB|.

SANRARLAANLRRR RARRRRR RS SRRY

fesssssaunn

-Foreg IfAB i+2j+3k,thenr—,/l+4+ =Ji4

i3/ 7 1)

R e TR TP

...............................................................................

The vector sum of the three
 sides of a triangle taken in
orderis 0 .ie

i b i b -.‘

oomponents of a vector are its
E ratios, and represent its projections along the

’l'he magnitude (r) dn'ecuon ralios (a,b,c) and dmecuon
cosmes (I,m,n) of vectora1+b/ +ck are related as:
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Important Questions

Multiple Choice questions-

In AABC, which of the following is not true?

C

A B
(a) AB+BC+CA=0
(b) AB+BC-AC=0
(c) AB+BC-CA=0
(d) AB-CE+CA=0

If @ and b are two collinear vectors, then which of
the following are incorrect:

(a) b =Ad tor some scalar A.

(b) d=+b
(c) the respective components of @ and b are
proportional

(d) both the vectors d and b have the same
direction, but different magnitudes.

If a is a non-zero vector of magnitude ‘a’ and Aa
non-zero scalar, then Ad is unit vector if:

(a) A=1
(b) A=-1
() a=|Al
@ a=

Let A be any non-zero scalar. Then for what
possible values of x, y and z given below, the
vectors 2f - 3j + 4k and xi - yj + zk are
perpendicular:

(@) x=2Ay=Az=2A

(b) x=Ay=2Az=-A

() x=-Ay=2\z=2A

(d) x=-Ay=-2Az=A

Let the vectors d and b be such that |@| = 3 and |b|
= %, then d x b is a unit vector if the angle between
dand b is:

(@)
(b)
()
(d)

I3

NI WY SR o

10.

1.

Area of a rectangle having vertices
A (-T+ % i+ 4k),

B ﬁ+%j+4§)

C ﬁ—%j+4§)

D (4—§j+4k)s

(@
(b)
(0)
(d)

If 6 is the angle between two vectors d, b,thend.b
> 0 only when

(@) 0<9<§

1 .

7 square unit
1 square unit
2 square units

4 square units.

(b) 0<6<
() 0<Bb<m
(d 0<@=sm
Let d@ and b be two unit vectors and 6 is the angle

between them. Then @ + b is a unit vector if:
(@) 6=
(b) 6=
(c) 6=

A

ERERY

NN

s

(d) 6==

If {i, j, k} are the usual three perpendicular unit
vectors, then the value of:
L(fxk)+j(@xk)+k(ix])is

(@ 0

(b) -1

(0 1

(d 3

If 0 is the angle between two vectors d and 7), then
|G. b| = |d@ x b| when 6 is equal to:

€Y
(b)
()
(d)

9 N3 sy ©

Very Short Questions:

Classify the following measures as scalar and
vector quantities:

(i) 4o0°
(i) 50 watt
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(iii) 10gm/cm3 4.

(iv) 20 m/sec towards north

(v) 5 seconds.

2. Inthe figure, which of the vectors are: 5.

(i) Collinear
(ii) Equal

(iii) Co-initial.

3. Find the sum of the vectors:

a=i-2j+ka=-2i+4j+5kand c=i +6)—7k

4.  Find the vector joining the points P (2,3,0) and Q  2-

(-1, - 2, - 4) directed from P to Q.

5. Ifd=xi+2j-zkandb”=3i-yj+k are two equal

vectors, then write the value of x +y + z. 3.
6. Find the unit vector in the direction of the sum of

the vectors:

a=2i—j+2kand b= + ] +3k 4

7. Find the value of ‘p’ for which the vectors: 37 + 2]
+ 9k and i - 2pj + 3k are parallel.

8. Ifdandb are perpendicular vectors, |d + B| =13
and |d| =5, find the value of |B|

9. Find the magnitude of each of the two vectors d

and b, having the same magnitude such that the
angle between them is 60° and their scalar

product is g

10. Find the area of the parallelogram whose
diagonals are represented by the vectors: a =21 -

3j+4kandb=21-]+2k

Short Questions:

1. If 0 is the angle between two vectors:
i—2j+3kand 3{ —2j+k, find sin 6.

2.  XandY are two points with position vectors 3a +
b and @ - 3b respectively. Write the po-sition
vector of a point Z which divides the line segment
XY in the ratio 2:1 externally.

3. Find the unit vector perpendicular to both @ and b,
where:

&:4f—}+812andl3=—}+12

Ifd=20+2j+k b=-1+2]+kandd=3i+]are
such that @ + Ab is perpendicular to ¢, then find
the value of A.

Letd=1+2j-3kandb =31 - j+ 2k be two vectors.
Show that the vectors (d + E) and (a - E) are
perpendicular to each other.

If the sum of two-unit vectors is a unit vector,
prove that the magnitude of their difference is V3.

Ifd+b+¢é=0and|d|=3,|b|=5and |d| =7, then
find the value of @-b + b-¢ + ¢-d

Find |d - b|, if two vectors a and b are such that ||
=2,|b|=3and @b = 4.

Long Questions:
1.

Letd=4i+5j-kandb={-4j+5kand =30+
- k. Find a vector d@ which is perpendicular to both
¢andbandd -d =21.
Ifp=i+j+kandq=1i-2j+k, find a vector of
magnitude 5v3 units perpendicular to the vector
. and coplanar with vector p and q.

Ifi+j+k 20+5/,30+2j-3kandi-6f-k
respectively are the position vectors of points A, B,
C and D, then find the angle between the straight
lines AB and CD. Find
If@+b+é&=0and|d|=3,|b| =5, and || =7, find
the angle between d and b.

Case Study Questions:
1.

A barge is pulled into harbour by two tug boats as
shown in the figure.

YA
11

10} A
i >E
I c

» X
Ol 12345678 9101112

y'y
Based on the above information, answer the
following questions.

o

=R W o O N

1. Position vector of A is:

a. 4f+2}'
b. 4 +10]
c. 4i-10j
d.  4i-2j
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ii.  Position vector of B is:

a.  4i+4]
b. 60 +6}'
c. 9 +7}
d 3 +3}

iii. Find the vector AC in terms of f, }

a. 8}'
b. -8]
8

d. None of these

iv. IfA=i +2} = 3]:’, then its unit vector is:

f+2j+3i€
V12 (14 14
b 31°+2j+12
- 14 14 14
20 3]k

Ji& & i

d. None of these
V. Ifﬁ=4f+3}and§:3f+4},then‘z71‘+‘§‘:

a. 12
b. 13
c. 14
d. 10

2. Three slogans on chart papers are to be placed on
a school bulletin board at the points A, Band C
displaying A (Hub of Learning), B (Creating a
better world for tomorrow) and C (Education
comes first). The coordinates of these points are
(1,4, 2), (3,-3,-2) and (-2, 2, 6) respectively.

[ 31 [ ] e o e & e & o o

M A MMM

"€ A | Hub of Learning =>:

& =
. B C

Creating a Education g

:g better world |[comes first 3:

=9

=

for tomorrow

G O

Based on the above information, answer the
following questions.

i. Let abandcbe the position vectors of

points A, B and C respectively, then a+b+c
is equal to:

a.  20+3j+6k
b. 2i-3j-6k
c. 2i+8j+3k
d.  2(7i+8j+3k)
ii.  Which of the following is not true?
a.  AB+BC+CA=0
b. AB+BC-AC=0
c. AB+BC-CA=0
d  AB—CB+CA=0
iii. Areaof AABCis:
a. 19sq. units

b. /1937 sq. units

C. % 1937 sq. units

d. /1837 sq. units

iv. Suppose, if the given slogans are to be placed
on a straight line, then the value of

‘EIXB+B+BXE+EX&‘ will be equal to:

a. -1
b. -2
C.

d 0

v. If &:2f+3}+6l:', then unit vector in the

direction of vector a is:

2: 3~ 67
a —I—=j—=
7 77

b —1A+§]A'+§I€
777

e SieZjelk

d. None ofthese
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Answer Key

Multiple Choice questions-
1.

1

© ® N o Ul oA W

0.

Answer: (c) AB+BC -CA=0

Answer: (d) both the vectors d and b have the
same direction, but different magnitudes.
Answer: (d) a= ﬁ
Answer: (c)x=-A,y=2A,z=2
Answer: (b) g

Answer: (c) 2 square units

Answer: (b) 0<6 < %
Answer: (d) 6 =—
Answer: (d) 3

Answer: (b) %

27
3

Very Short Answer:
1.

Solution:

(i) Angle-scalar

(ii) Power-scalar

(iii) Density-scalar

(iv) Velocity-vector

(v) Time-scalar.

Solution:

(i) @, cand d are collinear vectors.
(ii) dand ¢ are equal vectors.

(iii) b, & and d are co-initial vectors.
Solution:

Sum of the vectors =@ + b + ¢
=(-2]j+k)+(=2{ +4]+5k)+({ 6] —7k)
=(i -2 +1)+(-2{ +4]-6])+(k+5k—7k)
=—4j-k

Solution:

Since the vector is directed from P to Q,
=~ P is the initial point and Q is the terminal point.

~ Reqd. vector = ﬁj

= (1 —2] —4k)— (2 +3] +0)

=(-1-2)i +(-2-3) j+(-4-0) k

=-3{ —5]—4k.

Solution:

Here

a:B:xf+2]A'—zl:’:3f—yj+I:’

Comparing, A:=3,2=-yie.y=-2,~z=1le.z=-1.
Hence,x+y+z=3-2-1=0.

6.

Solution:

We have : a:2f—}+21\:andl;:—f+j+312
~.c=a+h

:(Zf—}'+212)+(—1°+]'+312)

:f+0-}'+512

|E|=\/12+02+52 =J1+0+25=26

[

.. Reqd. unit vector =¢ =

e N

_f+0}+5]€_f+51:'
26 26

Solution:

The given vectors 3i + 2j + 9k and i - 2pj + 3k are
parallel

If—=—=gif3=—=3

1 -2p 3 —p
1

If p=—=

'

Solution:

We have : |a+B|=13

Squaring, (a+b)* =169

= |af +|p[ +2a-b=169

= (5 +\B\2 +2(0)=169

[--aand bare perpendicular =ab=0]
= |B[ =169-25=144

Hence, |[B=12

Solution:

Be the question, ‘a‘ :‘B‘ (1)

Now EI-B:‘&HE‘ cos 0

= g = ‘ZI‘ ‘B‘ cos60° [Using (1)]
9 -2(1

= 5 (3)
2

= ‘a‘ =9.

Hence, ‘(3‘ :‘B‘ =3
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10. Solution:
We have : a:2f—3}+412andf):2f—}+2]2

i ] k
axb=[2 -3 4
2 -1 2

=i(-6+4)— j(4—8)+k(-2+6)
=—20 +4]+4k

- axB[=4+16+16 =36 =6

.. Area of the parallelogram = %‘a X I;‘
1 .

= 5(6) =35q. units.

Short Answer:

1. Solution:

‘&xE
We know that sin0=——
B

i —2j+3k)x (31 —2j +K)
?—2}+3l€‘ ‘3?—2}412‘

= sinez(

(1)

Now (i —2]+3k)x(3i —2j +k)

j
2
2

Il
W =~
=W X

=i(-2+6)— j(1-9)+k(-2+6)

=4 +8]+4k

‘4f+8}+412‘=\/m
:J%:Ngand‘f—ZjJﬂI}‘:m:\/ﬁ;
‘3?—2}”2‘:\/@:@

. From(1),sin6= i = ﬁ
J1a14 14

26

Hence, sin 0 =——.

2. Solution:
Position vector of
_ 2(a-3b)-(3a+h) _;
2-1

A —-7b

3. Solution:

We have: a=4f—}'+812,5=—}+12'

iJ ok
axb=|4 -1 8
0 -1 1

—(-1+8)— j(4—-0)+ k(—4+0)=77 — 4] — 4k

|EI X B| = \/(7)2 + (_4)2 + (_4)2

=J49+16+16 =+/81=9

Hence, the unit vector perpendicular to both d@ and

-

b

axb 7i-4j-4k 7. 4. 4:
=== =—i—-—j—=k
jaxi] 9 9 9' 9

Solution:

We have: &=2f+2}+12and13=—f+2}+12
.'.&+XB:(2f+2}+312)+k(—f+2}+12)
=(2-A)i+(2+20)j+(B+ Mk

Now, ((3+7J3) is perpendicular to c,
~(a+Ab)-c=0

= ((2=A)i +(2+20)] +(3+Ak)-(3i + ))=0
=>02-)B)+2+20) (D) +(B3+A)(0)=0
=>6-3A+2+2X=0

=>-A+8=0.

Hence, A, = 8.
Solution:

Here, a+b=(i +2j-3k)+(3i — j+2k)=4i + ] -k
and
a-b=(i+2j-3k)—(3{ - j+2k)=—2{ +3] -5k
Now, a+b-a—b=(4i + j —k)—(~2i +3]—5k)
=4 2)+MB)+(D(E5)
=-8+3+5=0.

Hence a+bis perpendicular to a-b.
Solution:

We have: ‘a‘:‘f)‘:l,‘a+5‘:1.

Let AB=a,BC=h

Then, AC=AB+BC=a+b

and DB=DA+AB=-AD+ AB=AB—AD

=a-b

-l

>
Ay
-]
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By the question,

8| i

= AABC is equilateral, each of its angles being 60°
= £DAB =2 x60°=120°and £ADB = 30°.

By Sine Formula,

DB AB
sin/DAB sin/ADB

pB| |48
sin120°  sin30°

— sin120°-—
- ‘DB‘z sin 30° AB‘
:Mxlzﬁ

1/2

Hence, ‘EI—B‘:E

Solution:

Here, a+b+c=0

= (a+b+c)-(a+b+c)=0

= a-a+a-b+a-c+b-a+b-b
+b-c+c-a+c-b+c-c=0

= |af +[p[ +|e[ +2@-b+b-c+c-a)=0

= 3 +52+7*+2(a-b+b-c+c-a)=0

= 2(a-b+b-c+c-a)=—(9+25+49)

Hence, a-b+b-c+c-a=——.

Solution:

Here, a+b+c=0

= (a+b+c)-(a+b+c)=0

= a-a+a-b+a-c+b-a+b-b

S

+b-c+c-a+c-b+c-c=0

-2 -2 -2 - > = = -
= ‘a‘ +‘b‘ +‘c‘ +2(a-b+b-c+c-a)=0
= 3 +52+7*+2(a-b+b-c+c-a)=0
= 2(a-b+b-c+c-a)=—(9+25+49)

Hence, a.5+5.z+z.a=_§.

Long Answer:

1.

Solution:

We have: 21:4f+5j—12

Bzf—4}+5]€and5=3f+}'—13

Let a:xf+y}'+zlg

Since d is perpendicular to both cand b
d-c=0andd-bh=0

= (xi+yj+zk)-(3 +j—k)=0

and (xi +yj+zk)-({—4j+5})=0

=23x+y-z=0 ..(1)
andx-4y+5z=0 -(2)
Also, d-a=21

— (xi +yj+2zk)-(4i +5] —k)=21

= 4x+5y-z=21 -(3)
Multiplying (1) by 5,
15x+5y-5z=0 ..(4)
Adding (2) and (4),
l6x+y=0 ..(5)
Subtracting (1) from (3),
x+4y=21 ..(6)
From (5),
y =-16x (7)
Putting in (6),
X-64x =21
-63x: =21
Puttingin (7), y= —16(—1) .6
3 3
Putting in (1), 3(—1j + Ey z=0
3 3
z=13/3
Hence, d =—1f+E}+EI:'
3 3 3
Solution:

Let r=ai + bj +ck be the vector.
Since FJ_E[

(M @+(2)(b)+1(c)=0
=a-2b+c=0

Again, p,qandr and coplanar,

S [pqr]=0
1 1 1
=11 -2 1/=0
a b c

= (1) (-2c-b)-() (c-a)+(1)(b+2a)=0
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= -2c-b-c+a+b+2a=0

= d+b2+2a-b=c%
=3a-3c=0

=a-c-0 = ‘a‘z +‘B‘2 +2‘5HB‘ cosG:‘E
Solving (1) and (2),

‘2

where ‘@’ is the angle between a and b

a _ b _c = (3)2+(5)2 + 2 (3) (5) cos 6 = (7)2
2-0 1+1 0+2 =9 + 25 + 30 cos 8 = 49
_a_b_c =30 cos 8 =49 - 34 = cos § =2
2
2 2 2
= 0=60°
a p ¢ - -
= 1 = 1 :I Hence, the angle between aand b is 60°.
Lr=li+1j+1k Case Study Answers:
H :J§ 1. Answer:
B i. (b) 4i+10]
: UnitvectorP:L:1+]+k .
H B Solution:
Here, (4, 10) are the coordinates of A.

Hence, the required vector =537 - PV.of A=4i +10]
25‘/§(1+1+kJ=5(f+}+12)' iil. (c) 91+7j

\/5_) Solution:

3. Solution: Here, (9, 7) are the coordinates of B.

Note: If ‘0’ is the angle between AB and CD, then 6 - PV.of A=9i +7}'
is also the angle between AB and CD. iii. (b) —8}'
Now AB = Position vector of B - Position vector of Solution:

A

.. T Here, P.V.of A=4i +10j and P.V.of C=4i +2]
=2i+5))-(i+j+k)=i+4j-k

- AC=(4—4) +(2-10)] =—8]

‘TB‘ = 1 +(4) + (-1 =32

iv. (a) i +2}+3]:’
Similarly, @:—Zf—8}+212’ and‘C—D‘ :6\/2. \/ﬁ \/ﬁ \/ﬁ
_. _% Solution:
AB-CD
Thus COSGZ: ‘*='_\ A A
‘ABHCD‘ Here, A=i+2j+3k
Al 292 122 _ _
1D+ _ 36 A=V 2243 =(Tr v =1
(3v2)(6v2) 36 e A [+2j+3k
Since 0<0<m,it follows that ©=m. This shows N ‘Z‘ J14
that ABand CD are collinear. 1. 2 . 3 =
= i+ j+ k
Alternatively, A—Bz—lC—D which implies that Jiao 14T V14
2 v. (d)10
ABand CD are collinear vectors. Solution:
4.  Solution: We have, A=4i +3j and B=3i +4]

Since a+b+c=0 |Z|= [42+32 =m=\/ﬁ=5
S.a+b=-—c
and |§|:\/32+42 =J9+16 =25=5

Thus, ‘ﬁ‘+‘§‘:5+5:10.

Squaring, (a+b)= 3
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2. Answer:

il

il

@ 2i +3]+6k

Solution:

a=i+4j+2k b=31-3j-2k

and €=20+2]j+6k

s a+b+c=2{+3]+6k
[C) E+E‘—@=()
Solution:

Using triangle law of addition in AABC,

We get AB+BC—CA=Owhich can be
rewritten as,

AB+BC—CA=00r AB—-CB+CA=0
1 A
—+/1937 sq. units

() 2

Solution:

We have, A(1, 4, 2), B(3, -3, 2) and C(-2, 2, 6)

AB=b-a=2i -7]-4k
w,

No

and AC=c—a=-3i -2j+4k
i ]k

- ABxAC=|2 -7 -4
-3 -2 4

=i(-28-8)- j(8-12)+k(-4-21)

=360 +4]—25k

iv.

Now, |ABxAC| = J(=36Y + 42 + (=25

=1296+16+625 =/1937

.. Area of AABC =%

|[4B > Ac|
1 .
:E 1937 sq. units

(do
Solution:

If the given points lie on the straightline, then
the points will be collinear and so area of
AABC=0

= ‘axB+BxE+Exa‘:O

ol

[ If a,b, are the position vectors of the

three vertices A, B and C of AABC, then area
_L axmz;xazxa@
of triangle
2303548
7 77
Solution:

Here,

a =22 +3% +6° =J4+6+36 =/49=7
=

.. Unit vector in the direction of vector 4 is
20 +3j+6k =3f+§}'+912
7 7 77

a:

*
*

.0 0.0

L)
L)
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Three Dimensional
Geometry 11

Top Review

1. IfP(x1,y1,z1) and Q(xz, y2, z2) are two points in space, then PQ = \/(xz X Ay =y, )V +(2,— 2, F
2. The distance of a point P(x1, y1, z1) from the origin 0 is given by OP =|x? + y? + 2
3. The coordinates of a point R which divides the line joining the points P(x1, y1, z1) and Q(xz, y2, zz ) internally
in the ratio m : n are (mxz T MY, TV, Mz Y7, j
m+n m+n m+n
4. The coordinates of a point R which divides the line joining the points P(x1, y1, z1) and Q(xz2 yz, z2) externally in
the ratio m : n are (mxz _x WY, Ty Mz Tz j
m-—n m-n m-—n
5. Let P(x1, y1 z1) and Q(x2 y2, zz) be two points in space. The coordinates of the midpoint of PQ are
(xl TX; , NtV ’ Z +sz.
2 2 2
6. LetP(x1,y121), Q(x2y2, z2) and R(x3 y3, z3) be three vertices of the triangle.
G(x, y, 2)is G(Xl +X +X3 ’ Y1tV +)s ’ Zy+2Zy,+ 273 )
3 3 3
Hence, the centroid
7.  The projection of the line joining points P(x1, y1, z1) and Q(xz, y2, z2) to the line with direction cosines, I, m and
nis |(X2 =x)1+(y, =y )m+(2, —7) ”|-
Top Concepts
1. Theangles «, § and y which a directed line L, through the origin, makes with the x, y and z axes, respectively,

are called direction angles.

If the direction of line L is reversed, then the direction angles will t - o, 1 - f and - y.
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10.

11.

12.

13.

14.

15.

16.

If a directed line L passes through the origin and makes angles «, f and y with the %, y and z axes respectively,
then

A=cos a,m=cos f and n = cos y are called direction cosines of line L.
For a given line to have a unique set of direction cosines, a directed line is used.

The direction cosines of the directed line which does not z
pass through the origin can be obtained by drawing a line
parallel to it and passing through the origin.

Any three numbers which are proportional to the direction
cosines of the line are called direction ratios. If A, m and n

(0) y
are the direction cosines and a, b and c are the direction
ratios of a line, then A = ka, m = kb and n = kc, where k is

any non-zero real number. X

For any line, there are an infinite number of direction ratios.
Direction ratios of the line joining P(x1, y1, z1) and Q(xz, y2, zz) may be taken as
X2-X1,yY2-Yy1,Z2—-Z10rX1-X2,y1-Y2,Z21 - 72
Direction cosines of the x-axis are cos0, cos90, cos90, i.e.,, 1, 0, 0.
Similarly, the direction cosines of the y-axis are 0, 1, 0 and the z-axis are 0, 0, 1, respectively.
Aline is uniquely determined if
1. It passes through a given point and has given direction ratios
OR
2. It passes through two given points.
Two lines with direction ratios ai, az, a3 and bz, bz, bs, respectively, are perpendicular if

aib1 + azb2 + azbz =0

Two lines with direction ratios a1, az, as and by, bz, bs, respectively, are parallel if 4 :% =%
1 D B
The lines which are neither intersecting nor parallel are called as skew 7
lines. Skew lines are non- coplanar, i.e., they do not belong to the same 2D
plane.
GE and DB are skew lines. </ G F
The angle between skew lines is the angle between two intersecting L E K
lines drawn from any point (preferably through the origin) parallel to each o™ = v
of the skew lines. A B

If two lines in space are intersecting, then the shortest distance between X
them is zero.

If two lines in space are parallel, then the shortest distance between them is the perpendicular distance.

5 (@)

%) —P
A(a)

The normal vector, often simply called the ‘normal’ to a surface, is a vector perpendicular to a surface.

#————— Mamal

#+—— Plane
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17. Ifthe three points are collinear, then the line containing those three points can be part of many planes.

18. The angle between two planes is defined as the angle between their normals.

19. If the planes Aix + Biy + C1z + D1 =0 and Az x + B2y + C2z + D2 = 0 are perpendicular to each other, then
A1A2+ B1B2 + C1C2=0

A B
If the planes Aix+ Biy + Ciz + D1 = 0 and A2x + B2y + C2z + D2 = 0 are parallel, then A—l :B—l :%
> By G

20. The angle between a line and a plane is the complement of the angle between the line and the normal to the
plane.

‘ line

nomal —— _1 y

plane

21. The distance of a point from a plane is the length of the unique line from the point to the plane which is
perpendicular to the plane.

Top Formulae
1. Direction cosines of the line L are connected by the relation 12 + m2 + n2 = 1.
2. Ifa, b, and c are the direction ratios of a line, and 1, m, and n are its direction cosines, then

(== a ,m== b ,n= J_r—c
Na? +b? +c? Na* + b +c? Na? + b +c?
X, —X - Z,—Z
3. The direction cosines of the line joining P( x1, y1, z1) and Q( Xz, y2, z2) are —2—1, Y2~ )1 ,—2—1 where

PQ ' PQ ' PQ

PQ=\/(X2 _X1)2 +(2 _Y1)2 +(2, _Z1)2
4. Vector equation of a line which passes through the given point whose position vector is & and parallel to a
given vector bisr=a+\b
5. If coordinates of point A are (x1, y1, z1) and direction ratios of the line are a, b, c, then cartesian form of
X _ YN _Z7%4

. D ¢
equation of line is:
a b c
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6. Ifcoordinates of point A are (x1, y1, Z1) and direction cosines of the line are ], m, and n, then Cartesian equation
of line is: X1 - Y"N _Z7%
m n
7. The vector equation of a line which passes through two points whose position vectors are
aandbisr=a+Mb—-a)
8. Cartesian equation of a line which passes through two points (x1, y1, z1) and (xz, yz, 2z2) is
X=X _Y=h _Z27%4
X=Xy Vo= Z7 7%
9. The parametric equations of the line XTX% y_bJ’1 =£T4 arex=x,+ar,y =y, +br,z=2z,=cr,where reR
a c
10. Equation of the x-axis: x=0 = y(;O = Z;O ory=0andz=0
11. Equation of the y-axis: x=0 = y(;O = z=0 orx=0andz=0
12. Equation of the z-axis: x gl = y=0 = z=0 orx=0andy=0
0 0 0
13. Conversion of a Cartesian form of an equation of a line to a vector form:
Let the Cartesian form of an equation of line be sl }’—b}’1 _Z=A
a c
Hence, the vector form of the equation of the line is r= (le +y1]A'+leG)+7u(af + bj + cl:'], where A is a
parameter.
14. Conversion of a vector form of the equation of a line to the Cartesian form:
Let the Cartesian form of the equation of a line be r =a+Aim, where a= xlf +y1j +le:’ and m=ai +bj +ck
and A is a parameter
Then the Cartesian form of the equation of the line is S y_bJ’1 i
a c
15. Angle 8 between two lines L1 and Lz passing through the origin and having direction ratios a1, b1, C1 and az,
b2, Cz2is
c0s 0 =| a,a, +b,b, +cc, |
\Ja2 + b7+ [ + b2 +cl |
Or sin 6= \/(a1b2 —a,b, ¥’ +(bc, —b,c, ) +(c,a, +¢,0,)°
\/af +b? +c? \/af +b% +c?
16. Condition of perpendicularity: If the lines are perpendicular to each other, then aiaz + bibz + cic2 = 0.
b
17. Condition of parallelism: If the lines are parallel, then L N
a b o
18. Equation of a line passing through a point having position vector k and perpendicular to the lines
r=a, +mb, andr =a, + mb, isE=m(lTlx172)
19. To find the intersection of two lines:

Consider the two lines:

X—Xx . z-z X—Xx . zZ—z
1_Y=h _ 1 and 2 _ Y=V _ 2

a, b, &1 a, b, G

Step (i): The general coordinates of general points on the given two lines are

(a1k + x1, bik + y1, cik + z1) and (azm + X2, bam + y2, com + z2)
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20.

21.

22.

23.
24.

25.

26.

Step (ii): Equate both the points

Thus, we have aik + x1 = azm + Xz, bik + y1 =bam + y2, Citk + 21 = com + 22

Step (iii): Solve the first two equations to get the values of k and m. Check whether the point satisfies the
third equation also. If it satisfies, then the lines intersect, otherwise they do not.

Step (iv): Substitute the values of k and m in the set of three equations to get the intersection point.

To find the intersection of two lines in the vector form:

Let the two lines be:

r=(a,i +a,] +a;k)+k(b,i +b,] +byk) (1)
r=(a,i+a, j+a,'k)+m(b, T +b, j+by'k) (2)

Step (i): Position vectors of arbitrary points on (1) and (2) are

(a,i +a,] +ask)+k(b,i +b,] +bk)

(a,7+a, j+a, k) +m(b, i +b, j+by'k)

Step (ii): Because the lines (1) and (2) intersect, they intersect each other, and their points of intersection
are as follows:

a1+ kai’ = b1 + mb1’: az + ka2’ = bz + mbz’; a3z + kaz’ = bz + mbs’

Step (iii): Solve any two of the equations to get the values of k and m. Substitute the values of k and m in the

third equation to check whether it satisfies it. If it does satisfy it, then the two lines intersect, otherwise they
do not.

Step (iv): Substitute the values of k and m to get the point of intersection.

Perpendicular distance of a line from a point: Let P(u, v, w) be the given point.

X% _Y=h _Z
a b

Let N be the foot of the perpendicular.

—Z . .
Let L be the given line.
c

Then the coordinates of N are,
a(u—x,)+b(v—-y,)+c(w+z,)

(x, +ak, y, + bk, z, +ck), where k = ~
a +b +c

Now, the distance PN can be determined using the distance formula.
Perpendicular distance of a line from a point when it is in the vector form:

Step (i): Let P(%) be the given point. Let 7 - @ + kb be the position vector of the line.
Step (ii): Find PN - Position vector of N — Position vector of P

Step (iii): PN.b =0

Step (iv): Get the value of k

Step (v): Substitute the value of k in 7 - @ + kb

Step (vi): Compute |P—1\7| to obtain the perpendicular distance.
Skew lines: Two lines are said to be skew lines if they are neither parallel nor intersecting.

Shortest distance: The shortest distance between two lines L1 and Lz is the distance PQ between the points
P and Q, where the lines of shortest distance intersect the two given lines.

The shortest distance between two skew lines L. and M having equations

r=a, +\b, andr =a, + b, respectively, is

o538 @ -a)
5]

Condition for two given lines to intersect: If the lines # = d1 + kb1 and 7 = @2 + kb2 intersect, then the shortest
distance between them is zero.

Thus, |(EX@'(§—€)|=0 = (EXE)-@-HTFO
‘ ‘b1><b2‘
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27. The shortest distance between the lines in the Cartesian form

XX _ Yo 278 g XX VY2 27 % g oiven by
a b, =1 a, b, G
Xp=Xy Vo=V 2724

a b, %1

a b. c
d= i : 2 . 2
\/(b1cz =b,¢,) +(c,a, — 0, )" +(a;b, —a,b,)

bx(a,—a;)

28. Distance between parallel lines r = aT +Abandr= aj + uB isd= <

[

29. The equation of a plane at a distance d from the origin where fi is the unit vector normal to the plane, through
the origin in vector form, is r-n=d.

30. Equation of a plane which is at a distance of d from the origin and the direction cosines of the normal to the
plane are ], m, nis Ix + my + nz = d.

31. The general equation of the plane is ax + by + cz + d = 0.

32. Theequation of a plane perpendicular to a given vector N and passing through a given point d is (F —a) -N=0.

33. The equation of a plane perpendicular to a given line with direction ratios A, B and C and passing through a
given point (x1, y1,z1) is A(x - x1) + B(y -y1) + C(z-z1) =0

34. The equation of a plane passing through three non-collinear points in the vector form is given as
(r—a)-[(b-a)x(c-a)]=0

35. Reduction of the vector form of the equation of a plane to the Cartesian equation:
Let F=Xf+yj+zlz,21:a11?+a2}+a3l:' andﬂ:n1f+n2j+n3lg
Then the Cartesian equation of a plane is, (x—a, ), +(y—a,)n, +(z—a;)n; =0

36. The vector equation of the plane passing through the points having position vectors d, b and ¢ is
r=(1-m-n)a+mb+nc (parametric form)
r-(axb)+r-(bxc)+r-(cxa)=a-(bxc) (non-parametric form)

37. The equation of a plane passing through three non-collinear points (x1, y1, Z1), (X2, y2, z2) and (x3, y3, z3) in the
Cartesian form is

X=Xy Y=V Z-Z
X=Xy V=W Z—2|=0
X3=X V3= &4

. . . X z .
38. The intercept form of the equation of a plane is LNSANE . 1,where a, b and c are the intercepts on the X, y

a b c
and z-axes, respectively.

z

C(0,0.c)

. BObO), .
A{a,0,0)
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39.

40.

41.

42.

43.
44,

45.

46.

47.

48.
49,

50.

51.

52.

53.

Any plane passing through the intersection of two planes ;-a =d, and ra”-na2 =d, is given by
r-(n, +in,)=d, +\d,

The Cartesian equation of a plane passing through the intersection of two planes

Ax+B y+Cz=d and Ax+B,y+C,z=d,is (A x+B,y+C,z—d,)+MAx+B,y+C,z—d,)=0

The equation of the planes bisecting the angles between the planes a;x+b,y+c,z+d; =0and
a,x+by+cz+d; _+a2x+b2y+czz+d2

2.2, .2 2.2 2
Jal+b1+c1 «/a2+b2 +c;

X=X _ V" h _z2-4
m n

a,x+b,y+c,z+d, =01is given by

The angle 6 between a line and the plane ax + by + cz + d = 0 is given by the following

relation:
al+bm+cn
NG + b+ NP+t +nd

If a line is perpendicular to a normal to the plane, then it is parallel to the plane.

sinf =

If a line is parallel to a normal to the plane, then it is perpendicular to the plane.

The line 7 - @ + kb lies in the plane # i=difd.i=dand b .7 =0

N _YTh 274 lies in the plane ax + by + cz+d = 0 if
m n

The line X

ax, +by, +cz, +d=0and al +- bm+cn=0.

X _ YN _Z—

The equation of a plane containing the line X ! is a(x—x;)+b(y—y,)+c(z-z,)=0,
m n

where al + bm + cn =0.
The given lines r =a, +Ab, andr =a, + b, are coplanar if and only (a, —a,)-(b, xb,) =0
Let (x1, y1, z1) and (X2, y2, z2) be the coordinates of the points M and N, respectively. Let a1, b1, c1 and az, bz, c2

be the direction ratios off): and E, respectively. The given lines are coplanar if and only if;

X=Xy Vo= 277
a b, ¢ |=0

a, b, G

X=X Vo= 224

) X— - z—z X—X = z—7z _
Two lines L :be’1 == "Land —-2 :ybzyz ==—"2 are coplanarif | a, b, ¢, |=0
a c a c
1 | 1 ) 2 a, b, Cz
) . . X— = zZ—2z X—X - z—z, .
The equation of the plane containing the lines LR A 4 L and 2 _Y7V2 2 is
a b, &1 a, b, G
X=Xy Y=-V1 Z—7 X=Xy Y=Y, Z2—2
a b, ¢, |=0or| q b, ¢ |=0
a, b, G a, b, G

If n; and m, are normals to the planes #.n; = d1 and 7.7z = d2, and 6 is the angle between the normals drawn

n, -n,
|

Let 6 be the angle between two planes A1x + B1y + C1z + D1= 0 and A2x + B2y + C2z + D2 = 0.

from some common point, then cos 6=

The direction ratios of the normal to the planes are Ai, B1, C1 and Az, Bz, Ca.

cos O :| A A + BB, +C,C, |
‘\/Alz +B2+C? A2 + B? +C§‘
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54. The angle 8 between the line and the normal to the plane is given by

b-n

Zl

cos[f—ej—g = sinf=
2 ||
ja-N-d|

55. The distance of point P with position vector d from a plane r-N=dis T, where N is the normal to the
N

plane.

R d —
56. The length of the perpendicular from the origin O to the plane r-N=d is H, where N is the normal to the
N

plane.
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J(bicz bz‘|)z+(cl“:""'za|)+("l ‘azbl)z
bx a2 a,)

(iv) Parallel line 7=g,+Ab and r=a,+pb is

positive direction of the co-ordinate axes. If I, m, n are the D. Cs of a line,!
then I’ + m’ + n* = 1. D. Cs of a line joining P (x,, v, z,) and Q (x, v, z,)

are B25 Mol B where PO=(5 1) + 0s-n) + Gam5)

-
/ Class : 12th Maths \I
\ Chapter- 11 : Three dimensional Geometry /
o o
. (i) two skew lines is the line ent perpendicular to both the lines :
P (i) r=ai+Ab and r=a+ubs is | (b2 ) (@2~ @
; b1 b2
R i T T o T S N o O 2 :
L] b, G Lo b, L :
% =% N—h HZ—F :
. b”; : iD. C5 of a line are the cosines of the angles made by the line with the
¢

i) which is at distance 'd' from origin and D.C. of the

'D.Rsofalmearethenoswhxchaxepmporhonalboﬂ\eDCsof the

tline if /, m, n are the D.Cs and 4, b, c are D.Rs of a line, then
a c

normal to the plane as [,m,n is Ix+my+nz=d.
(ii) Lr to a given line with D.Rs. A,B,C and passing
through (x,,2)is A (x-x,) + B (y-y,) +C (z—z) = 0
: (iii) Passing through three non-collinear points
(xllyxlzx) (leyyzz)r (xyy.vza) is|lx-% y-y» z-z
52 —% N—h
o 0 e

=0.

75

Z-z

)

ectors 3,5, & s (¢-a).[G-axG-a)] =0.
i) That passes thmugh the intersection of planes . 7 =
d isr ( +7~n, +Ad, ,A—-non-zero constant.

Vector equation of a
plane

iTwo lines r =a, +Ab, 7 =, + pb, are coplanar if
. (— = a,) ( x b, )— 0.Equation of a plane that cuts co—ordmaté
;axesat(a,OO),(ObO), (00c)ls—+7;+—_| :

\ Characteristics of

’ ¢ planes

iThe distance of a point with postion
ivector @ from the plane r.n=d is ld a. n| The distance from a
Ax, + By, + Cz, +Df

JA& +B +C?

ipoint(x,, y;,2,) to the plane dx + By + Cz + D = 0is

£1f'9'is the acute angle
betweenr =a,+Ab ,r =a, +\b,
5

i
2

then, cosf =

: X—Xx - z—z

Hif L= YN _ 2724 4nd
: L m n
PoXx—x, _y-) _Z-%

: L m, n

: are the equations of two lines,
then acute angle between

them is cos® =|,.L, +m,.m, +n,. n2|
0

sanennd

Shortest distance

Three dimensional
Geometry

-Ja‘+b’+c’ i —Ja’+b’+cz a5 -Ja’+b’+cz

* These are the lines in space -

- which are neither parallel :

- nor intersecting. They lie in
different planes. Angle -

. between skew lines is the -

angle between two
intersecting lines drawn
from any point (origin)
parallel to each of the
skew lines.

™N

Angle between the two
lines

g :if L, m, n,,l, m, n,arethe D.Csand a, b, c, a, b, c, ]
:are the D.Rs of the two lines and '0'is the acute angle :

between them, then |

,cose |II +m|m!+nl,,z|- alal+b|b2 +¢:,c2 |

:Vector equation of a line '
i passing through the given point whose position :

i ectonsaandparalleltoagwenvectorb isr=a+A

'Vectortlonofalmell'
: which passes through two points whose position
i vectorsaregand p is r=a+\ (b—a)

tion of a
throughpomt(x,,y,,z,)andhavngCsl m,rns
x-lx, D= S Alsoequahonofalmethat-

m n .

passes through two points.
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Important Questions

Multiple Choice questions-

1.

Distance between two planes:
2x+3y+4z=5and4x+ 6y +8z=121s
(@) 2 units

(b) 4 units

(c) 8units

@) 7
The planes 2x -y +4z =3 and 5x - 2.5y +10z=6
are

units.

(a) perpendicular
(b) parallel
(c) intersect along y-axis

5
(d) passes through (0, 0, Z)

The co-ordinates of the foot of the perpendicular
drawn from the point (2, 5, 7) on the x-axis are
given by:

(@) (2,00)

(b) (0,5,0)

(9 (0,0,7)

(d) (0,5,7).

If a, §3, y are the angles that a line makes with the
positive direction of x, y, z axis, respectively, then
the direction-cosines of the line are:

(@) <sina,sinf3, siny >

(b) <cosa,cos R, cosy>

(c) <tanaq,tanf3, tany >

(d) <cos®a,cos? R, cos?y >.

The distance of a point P (a, b, ¢) from x-axis is
(a) VaZ+c?

(b) Va? + b?

() VbZ+c?

(d) b%+c?

If the direction-cosines of a line are <k, k, k>, then
(@) k>0

(b) 0<k<1

(c) k=1

1 1
(d) k—EOF-\/—E

The reflection of the point (a, 3, y) in the xy-plane
is:

(@) (a50)
(b) (0,0,v)
() (a-BYy)
(d) (o8B, -y).

8. What is the distance (in units) between two
planes:
3x+5y+7z=3and 9x + 15y + 212 =9?
(@ 0
(b) 3
© 7
(d) e.
9. The equation of the line in vector form passing

through the point (-1, 3, 5) and parallel to line xT—s

=y3;4,z=2is
(@) #=(-1+3j+5k)+A(2i+3]+k)
(b) 7=(-i+3j+5k)+A(20+3))

() #=(20+3f-2k)+A(-i+3]+5k)
(d) #=(2i+3f)+A(-i+3]+5k).
10. Letthe line XT_Z = y__—51 = ? lie in the plane x + 3y -
oz + {3 = 0. Then (q, 3) equals:
(@ (-6,-17)
(b) (5,-15)ss
(9 (-5,5)
(d) (6,-17).

Very Short Questions:

1. Find the acute angle which the line with direction-
1 1 . o

< Nk > makes with positive

direction of z-axis.

cosines

2. Find the direction-cosines of the line.

x-1 = z+1

2 VT2

3. If a, B, y are direction-angles of a line, prove that
cos 2a + cos 2P + cos 2y +1 = 0.

4. Find the length of the intercept, cut off by the plane
2x +y -z =5 on the x-axis.

5. Find the length of the perpendicular drawn from
the point P(3, -4,5) on the z-axis.

6. Find the vector equation of a plane, which is at a
distance of 5 units from the origin and whose
normal vector is 21 - j + 2k

7. If a line makes angles 90°, 135°, 45° with the x,y
and z-axes respectively, find its direction cosines.

8. Find the co-ordinates of the point where the line
through the points A (3,4,1) and B (5,1, 6) crosses
the xy-plane.
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9.

Find the vector equation of the line which passes
through the point (3,4,5) and is parallel to the
vector 21 + 2f - 3k

Short Questions:

1.

Find the acute angle between the lines whose
direction-ratios are:
<1,1,2>and<-3, -4,1 >.
Find the angle between the following pair of lines:
—Xx+2_y-1_z+3 and Xx+2 _2y-8_z-5

-2 7 -3 -1 4 4
and check whether the lines are parallel or
perpendicular.

Find the vector equation of the line joining (1.2.3)
and (-3,4,3) and show that it is perpendicular to
the z-axis.

. . ... 6
Find the vector equation of the plane, which is o

at a distance of units from the origin and its
normal vector from the origin is 21 -3} + 4k. Also,
find its cartesian form.

Find the direction-cosines of the unit vector
perpendicular to the plane 7 -(6i - 3 - 2k) +1 =0
through the origin.

Find the acute angle between the lines

x—4 _ y+3 _ z+1 and x—1 i y+1 _ z+10

3 4 5 4 -3 5

Find the angle between the line:
7=(i-j+k)+A(2i - j+3k) and the plane 7 - (21 +
7 - k) = 4 Also, find whether the line is parallel to
the plane or not.

Find the value of ‘A’, so that the lines:

1-x 7y—14 z-3 7-7x =5 6—2z .

- and =y—=—areatr1ght
3 2 2 31 1 5

angles. Also, find whether the lines are

intersecting or not

Long Questions:

1.

Find the shortest distance between the lines: 7 =
(40 =)+ A +2f-3k)and 7= (1 - j + 2k) + p(2i +
47 - 5k)

A line makes angles a, B, y, 8§ with the four
diagonals of a cube, prove that:

4
cos? ot + cos? 3 + cos?y + cos? 6= i

Find the equation of the plane through the line x3;1

-4  z—4 :
= yT =—, and parallel to the line:
x+1 _1-y _ z+2
2 4 1

Hence, find the shortest distance between the
lines.

Find the Vector and Cartesian equations of the
plane passing through the points (2, 2, -1), (3,4,2)
and (7,0,6). Also, find the vector equation of a
plane passing through (4,3,1) and parallel to the
plane obtained above.

Case Study Questions:

1.

Suppose the floor of a hotel is made up of mirror
polished Kota stone. Also, there is a large crystal
chandelier attached at the ceiling of the hotel.
Consider the floor of the hotel as a plane having
equation x - 2y + 2z = 3 and crystal chandelier at
the point (3, -2, 1).

Based on the above information, answer the

following questions.

(i) The d.r's of the perpendicular from the point
(3,-2,1) to the plane x - 2y + 2z = 3, is:

a. <1,2,2>
b. <1,-2,2>
c. <2,1,2>
d <2,-1,2>

(ii) The length of the perpendicular from the
point (3, -2, 1) to the plane x - 2y + 2z = 3, is:

2 .
a. —units
3
b. 3 units
Cc. 2 units

d. None of these
(iii) The equation of the perpendicular from the
point (3, -2, 1) to the plane x - 2y + 2z = 3, is:
x-3 y-2 z-1

a.
1 —2 2

b x—3:y+2:z—1
1 —2 2

c x+3=y+2=z—1
1 -2 2

d. None of these
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(iv) The equation of plane parallel to the plane x - x y z-30
. . . . b, —_— ==

2y + 2z = 3, which is at a unit distance from 4 5 15

the point (3, -2, 1) is: . X y 30—z

a. x-2y+2z=0 : 5 4 15

b. x-2y+2z=6 X y 30—z

c. Xx-2y+2z=12 4 5 1

d. Both (b)and (c) ii.  The length of cable DC is:
v) The image of the point (3, -2, 1) in the given
W) g point ( ) g o 4JEim

plane is:
(5 2 __5j b. 5J/61m
3'3" 3 C. 6\/am
b. (—?5—_3 d  761m
iii. The vector DB is:
j a. —6i+4j-30k

d. None of these b. 60— 4]’ +30k

2. Consider the following diagram, where the forces
in the cable are given.

c.  6i+4j+30k
d. None of these
iv. The sum of vectors along the cables is:

a. 17i+6j+90k
b.  17i-6j-90k
c. 17i+6j-90k

d. None of these

v. The sum of distances of points A, B and C

Based on the above information, answer the from the origin, i.e, OA + OB + OCiis:
following questions. a. 164 ++/52++/625
i.  The equation of line along the cable AD is: b.  52+625+48
X z—30
a EZ% =% c. 164 +/625+49
d. None of these
Answer Key
Multiple Choice Questions- 9. Answer: (b) 7 = (-1 + 3j + 5k) + A (21 + 3))
PR S 10. Answer: (a) (-6,-17)
1. Answer: (d) mumts.
2. Answer: (b) parallel Very Short Answer:
3. Answer: (a)(2,0,0) 1. Solution:
4. Answer: (b) < cos a, cos 3, cos y > I2+m2+n2=1
5. Answer: © Vb? + c? 1V 1 \? ,
. _ — |+ —=| +n° =1
6. Answer:©k=1 (\/5_’} (\/Ej
7. Answer: (d) (o, f3, -y). 11
8. Answer: (a)0 = §+g+nz=1
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1
nZ=1--
2
n2=2
2
n 1
V2
1
Thus, cos o = —=

V2
Hence, a = 45° or%
2. Solution:

x-1_ y z+1

-1 2
Its direction-ratios are <2, -1, 2>.

The given line is

Hence, its direction- cosine are:
2 -1 2
< , , >
Va+1+4 J4+1+4 J4+1+4

. 2 -1 2 21 -2
ie, <=,—,=>0r<—,—,—>
3 33 33 3

3. Solution:

Since a, 3, y are direction-angles of a line,
% cos2 a+cos2 B+ cos2y=1
2 -1 2
< , , >
Vad+1+4 J4+1+4 Ja+1+4

. 2 -1 2 21 -2
ie, <=,—,=>0r<—,—,—
333 33 3

= 1+cos2a+1+cos2f+1+cos2y=2

= cos 2a + cos 23 + cos 2y + 1 = 0, which is true.
4. Solution:
The given plane is2x+y -z =5
5/2 5 -5

Its intercepts are %, 5 and -5.

Hence, the length of the intercept on the x-axis is
X

5/2
5. Solution:

Length of the perpendicular from P (3, -4,5) on the
Z-axis

=) +(4)’

= m = \/ﬁ =5 units
6. Solution:

Let n=2{ — j+2k

Then, ‘;1‘:\/4+1+4:\/§:3

Now, fi= =21—]3+2k

| =

i

Hence, the reqd. equation of the plane is:

F Exl;ﬁ,@ =5
3 3 3

= r-(2{ - j+2k)=15.

Solution:

Direction cosines of the line are:

< cos 90°, cos 135°, cos 45° >

<0 IR >
S 2’2

Solution:
The equations of the line through A (3,4,1) and B
(5,1,6) are:
x-3 y-4 z-1
5-3 1-4 6-1
x-3 y—-4 z-1

2 3 5
Any pointon (1) is (3 + 2k,4- 3k, 1 +5k) ... (2)
This lies on xy-plane (z = 0).

~1+5k=0=k=-1

(1)

=

Putting in (2), [ 3 - g 4+ g 1-1)

13 23

ie. (? - 0)

which are the reqd. co-ordinates of the point.
Solution:

The vector equation of the line is 7 = @ + Am
ie, 7 = (30 +4f + 5k) + A2 + 2f - 3k)

Short Answer:

Solution:
|a,a, +b;b, +c16,
2 12,2 [2,32, 2
\/al +b] +c; \/az +b; +c;

I(D)-(-3)+M) (-1 +(2) (1)
J1+1+49+16+1

cos0

|-3-4+2 5

J6+26 156

Hence, 6 =cos™ [ij

J156

Solution:
The given lines can be rewritten as:
—-x+2 y-1 z+3

- = (1)

x+2 2y-8 z-5
-1 4 4
Here < 2,7,-3>and <-1,2,4 > are direction- ratios

of lines (1) and (2) respectively.

(2)
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@AED+D@)+(3)4)

.. cosO=
J4+49+91+4+16
_-2+14-12
J62 V21
- 9=",
2

Hence, the given lines are perpendicular.
Solution:

Vector equation of the line passing through
(1,2,3)and (-3, 4,3) is r=a+Ab-a)

where &=f+2}'+312 andE:—3f+4}+312’

= r=(0+2]+3k)+M~4 +2]) (1)
Equation of z-axis is r= ul:' .(2)
Since (—41? + 2}') k=0=0

=~ Line (1) is perpendicular to z-axis.

Solution:
Let n=2{ -3} + 4k

Then ‘ﬁ‘:\/4+9+16:@

n 20 -3j+4k

Now n=—=
| V29
Hence, the reqd. equation of the plane is:

[2I¢_3},+4&j_6
29 297 29 ) 29

In Cartesian Form:

r .

3}.+412]=6

"~ ~ "~ 2 ~
Xxi + yj+zk)- i—
( I ) (\/29 297 429 29

= ol g5 ) ) )

= 2x-3y+4z=6

Solution:

The give plane is r- (6? —3} - 212) +1=0

re(6i —3j-2k)=1 (D)
Now ‘—6?+3}'+2]§‘=\/36+9+4
=49=7
Dividing (1) by 7,
—{ 62 3+ 22) 1
r-|—i+=j+=k|==
7 777 )7

Which is the equation of the plane in the form

r-n=p

A ~

Thus, ﬁ:—§f+—j+—k
7 7

which is the unit vector perpendicular to the plane
through the origin.

Hence, the direction - cosines of
o 6 32
nare<——,—,—>
777
Solution:

Vector in the direction of first line
x-4 y+3 z+1
3 4 5

b=(3{ +4]+5k)

Vector in the direction of second line

x-1 y+1 z+10
4 -3 5

d=4i 3] +5k

- 0, the angle between two given lines is given by:

cose=g
B d
_ (31 +4] +5k)- (41 -3 +5k)
‘3? +4j+512‘ ‘4? —3}+5/€‘
_B)4)+4)(=3)+B))
J9+16+2516+9+25
_12-12+25 25 1

~ J5050 50 2

Hence, 0= K
3

Solution:
The given line is:

r= (f - j + IG) + X(Zf = ] + 31:’) and the given plane is
r(2i+j-k)=4.

Now the line is parallel to 2 — } +3k and normal to
the plane 2 +i-k

If ‘0’ is the angle between the line and the plane,

then (g—e) is the angle between the line and

normal to the plane.

_(2f-j+3k)-(20 +]-k)
V4+1+9/4+1+1

4-1-3

Jiade |

Then cos (E - Gj
2

= sinO=

= 0=0°.

Hence, the line is parallel to the plane.
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8.

Solution:
(i) The given lines are
1-x 7y-14 z-3
3 A 2
7-7x _y-5 6-z
3\ 1 5

These are perpendicular if:

3L A
=3)| — [+| = |(1)+2(-5)=0
( )( 7) (7]() (-5)

if %+&—10:Oif&:10.
7 7 7

(1)

and w(2)

Hence A =1.
(ii) The direction cosines of line (1) are <-3,1,2>

The direction cosines of line (2) are < -3,1, -5
>

Clearly, the lines are intersecting.

Long Answer:

1.

Solution:

Comparing given equations with:
r=a, +A\b, andr =a, +ub,,
We have: b, =i+ j—3k, b, =2i +4j—5k

and a:(4f—}),£=f—}+2ﬁ
i J

Now, b, xb,=[1 2 -3
2 4

=1(-10+12)- j(-5+6) + k(4 -4)=2] - ]
‘EXE‘: (2)2+(_1)2+02 _ (4_+1+O=\/§

Also, a, —a, =(i — ] +2k)— (4 — J)=-3i +2k

- thesp| BXE) @ a)
b, b, ‘

(2 = ))-(=3i +2k)|

N3

_|@=3)+ D (0)+(0) (2)
J5

_6:/g+0| :% = 6\/5 units

Solution:

Let O be the origin and OA, OB, OC (each = a) be the
axes.

[
.

X
Thus the co-ordinates of the points are :
0 (0,0,0), A (a, 0,0), B (0, a, 0), C (0,0, a),
P(a,a,a),L(0,aa),M(a,0,a),N(a a0).
Here OP, AL, BM and CN are four diagonals.

Let <1, m, n > be the direction-cosines of the given
line.
Now direction-ratios of OP are:
<a-0,a-0,a-0>i.e.<a,a,a>
ie. <1,1,1 >,
direction-ratios of AL are:
<0-a, a-0, a-0> i.e. <-a,a,a>
ie. <1,1,1>,
direction-ratios of BM are:
<a-0,0-a, a-0>
ie. <a-aa>ie.<1,-1,1>
and direction-ratios of CN are:
<a-0,a-0,0-a> i.e. <a,a,-a>
ie. <1,1,-1>.
Thus the direction-cosines of OP are:
MY
B33
the direction-cosines of AL are:
O N I
NERNENN]
the direction-cosines of BM are:
LA 11
B BB
and the direction-cosines of CN are:
L1
BB B

If the given line makes an angle ‘a’ with OP, then:

SIREIRE

|l +m+n|

5 (1)

cosa =

Lcosa=
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If the given line makes an angle ‘B’ with AL, then:

cosP= 1(—ij + m(ij + n[iJ‘
B) B B
" cosﬁzw .(2)
3
Similarly, cosy= M ..(3)
V3
and cosS:M (4
NR)

Squaring and adding (1), (2), (3) and (4), we get:

cos? o + cos? 3 + cos?y + cos2d
%[(I+m+n)2 +(~I+m+n) +({-m+n) +(+m—ny]

— 14 )] =4

4
Hence, cos”a.+cos?B+cos®y+cos’d= 3
Solution:
The two given lines are:

x-1 y-4 z-4
3 2 =7

(1)

x+1 1-y z+2
2 4 1

Let <a, b, c> be the direction-ratios of the normal

and ..(2)

to the plane containing line (1).
-~ Equation of the plane is:
a(x-1) + b(y-4) + c(z-4) ...(3),
where 3a +2b-2c=0 ...(4)
[+ Reqd. plane contains line (1)] and 2a - 4b + 1.c
=0
[+ line (1) a parallel to the reqd. plane] Solving (4)
and (5),
L, a_b_c
-6 -7 -16
= g=é=i=k,wherek;r50.
6 7 16
s.a=6k,b=7kand c=16k
Putting in (3),
6k(x-1) + 7k(y - 4) + 16k(z-4) =0
=6(x-1)+7(y-4)+16(z-4)=0
[~k = 0]
= 6x + 7y+ 162-98 = 0,
which is the required equation of the plane.

Now, S.D. between two lines = perpendicular
distance of (-1,1, - 2) from the plane

_|6(—1)+7(1)+16(—2)—98|
J(6) +(7) +(16)°

6(-1) + 7(1) +16(-2) - 98

V(6)?+ (7)2+ (16)2

-6+ 7-32-98 V36 + 49 + 256

Solution:

ie.,S.D.

(i) Cartesian equations
Any plane through (2,2, -1) is:
a(x-2)+b(y-2)+c(z+1)=0 (1)
Since the plane passes through the points
(3,4,2) and (7,0,6),
~a(3-2)+b(4-2)+c(2+1)=0
anda(7-2)+b(0-2)+c(6+1)=0

=a+2b+3c=0 .(2)
and 5a-2b+7c=0 ..(3)
a b c

Solvi 2 d (3), = =
olving (2) and (3) 14+6 15-7 -2-10

a b ¢
- — =—=—

20 8 -12
:g—é—i—k(sa)valuek;tO

5 2 3 oo

~a=5kb=2kandc=-3k,

Putting the values of a, b, cin (1), we get:

Sk(x-2)+2k(y-2)-3k(z+1)=0

= 5(x-2) + 2(y-2)-3(z+ 1) =0[~ k # 0]

=» 5x- 10 + 2y-4-3z-3 =0

=» 5x + 2y-32-17 = 0, ..(4)

which is the reqd. Cartesian equation.

Its vector equation is F-(Sf + 2]A' —3]2) =17.
(ii) Any plane parallel to (4) is

5x+2y-3z+A-0..(5)

Since it passes through (4, 3,1),

5(4)+2(3)-3(1)+A=0

=220+6—3+A=0

=>A=-23.

Putting in (5), 5x + 2y - 3z - 23 = 0, which is

the reqd. equation.

Its vector equation is F-(Sf + 2]A' —312) =23.

Case Study Answers:

Answer:
i. (b)<1,-2,2>
Solution:

Equation of planeisx -2y =3
.. D.R’s of normal to the plane are, which is
also the D.R’s of perpendicular from the
point (3, -2, 1) to the given plane.
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. 2 unit
(i) (c) 1-m1 S = 9r=-12 > I"=—é
Solution: 3
Required length = Perpendicular distance 52 _5
from (3, -2, 1) to the plane x - 2y +2z=3 Thus, the coordinates of Q be (5 '3’ ?j

(iii)

(iv)

™)

:|3—2(—2)+2(1)—3|:§:2units
‘ 12+ (-2) +2° ‘

X_3 +2 Z_1
(b) ==

T2 2
Solution:

The equation of perpendicular from the point
(x4,¥1, z,) to the plane ax + by + cz = d is given

byx_xl :y_yl :Z_Zl
a b c
Here,Xl = 3;_)/1 = _2, Zl = 1 and a= 1, b = —2' C
=2
= +2 z-1
..Required equation X 2= 5 :Z2

(d) Both (b) and (c)
Solution:
The equation of the plane parallel to the
planex -2y +2i-3=0isx-2y+2z+1=0
Now, distance of this from the point (3, -2, 1)
is
3+442+A |

+( 2)? + 22 ‘

But, this distance is given to be unity
~[9+2]=3
= A+9=43 = A=-60r-12

Thus, required equation of planes are
x-2y+2z-6=00rx-2y+2z-12=0

52 -5
(@) (é’??)

Solution:

Let the coordinate of image of (3, -2, 1) be
Q(r+3,-2r-2,2r+1)

Let R be the mid-point of PQ, then coordinate
of R be

r+6 —2r—4
—_ ,r+1
2 2

Since, R lies on the planex- 2y +2z=3

.~.(r+6j—z[_2r_4j+2(r+1)=3
2 2

2. Answer:

il.

il.

iv.

X 30—z
() Z=2=

4 5 15
Solution:

Clearly, the coordinates of A are (8,10, 0) and
D are (0, 0, 30)

x-0 y-0 30-z
8-0 10-0 -30
X_JY_ 30—z
4 5 15

(b) 5J61m

Solution:

The coordinates of point care (15, -20, 0) and
(0,0,30)
.. Length of the cable DC

— J(0—15) +(0—20)* +(30—0)?
=/225+400+900
=/1525=/61m

(a) —6i +4j—30k

Solution:

Since, the coordinates of point B are (-6, 4, 0)
and D are (0, 0, 30), therefore vector DB is
(=6 -0)i +(4—0)]+(0-30)k,

ie, —6i +4]—30k

(b) 177 =6 —90k

Solution:

Required sum

(87 +10] —30k)+(—6i +4] —30k)
30k)17i —6j —90k

+(15( =20 —

(a) V164 +/52 +/625

Solution:

Clearly, 0A=~/8 +10? =/164
OB=16%+4*> =\36+16 =~/52
and OC =+/15% +20% =~/225+ 400 =+/625

KR/
0’0 0’0
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Linear Programming ‘ 12

Top Concepts

1.

10.

11.

12.

13.

Linear programming is the process of taking various linear inequalities relating to some situation and finding
the best value obtainable under those conditions.

Linear programming is part of a very important branch of mathematics called ‘Optimization Techniques’.

Problems which seek to maximise (or minimise) profit (or cost) form a general class of problems called
optimisation problems.

A problem which seeks to maximise or minimise a linear function, subject to certain constraints as
determined by a set of linear inequalities, is called an optimisation problem.

Alinear programming problem may be defined as the problem of maximising or minimising a linear function
subject to linear constraints. The constraints may be equalities or inequalities.

Objective function: The linear function Z = ax + by, where a and b are constants and x and y are decision
variables, which has to be maximised or minimised is called a linear objective function. An objective function
represents cost, profit or some other quantity to be maximised or minimised subject to constraints.

Linear inequalities or equations which are derived from the application problem are problem constraints.

Linear inequalities or equations or restrictions on the variables of a linear programming problem are called
constraints.

The conditions x>0 and y = 0 are called non-negative restrictions. Non-negative constraints are included
because x and y are usually the number of items produced and one cannot produce a negative number of
items. The smallest number of items one could produce is zero. These conditions are not (usually) stated;
they are implied.

A linear programming problem is one which is concerned with finding the optimal value (maximum or
minimum value) of a linear function (called objective function) of several variables (say x and y) subject to
the conditions that the variables are non-negative and satisfy a set of linear inequalities (called linear
constraints).

In linear programming, the term linear implies that all the mathematical relations used in the problem are
linear while programming refers to the method of determining a particular program me or plan of action.
Forming a set of linear inequalities (constraints) for a given situation is called formulation of the linear
programming problem (LPP).

Mathematical formulation of linear programming problems

Step I: In every LPP, certain decisions are to be made. These decisions are represented by decision variables.
These decision variables are those quantities whose values are to be determined. Identify the variables and
denote them as x1, Xz, X3 .... or X, y and z etc.

Step II: Identify the objective function and express it as a linear function of the variables introduced in Step
L.

Step III: In a LPP, the objective function may be in the form of maximising profits or minimising costs. Hence,
identify the type of optimisation, i.e.,, maximisation or minimisation.

Step IV: Identify the set of constraints stated in terms of decision variables and express them as linear
inequations or equations as the case may be.
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14.

15.

16.

17.

18.

19.

20.
21.
22.
23.

24.

25.

Step V: Add the non-negativity restrictions on the decision variables, as in the physical problems. Negative
values of decision variables have no valid interpretation.

General LPP is of the form

Max (or min) Z = ciX1 + C2X2 + ... + CnXn, Where c1,C2, . . . Ca are constants and x1, Xz, ... Xn are called decision
variables such that Ax < (=)B and xi = 0.

A linear inequality in two variables represents a half plane geometrically. There are two types of half planes:

¥
A

Lef Ragee
Mail Mall
Plane Plane
| - - X

55

A

Haf
Plane

k
¥

A set of values of the decision variables which satisfy the constraints of a linear programming problem is
called a solution of LPP.

The common region determined by all the constraints including non-negative constraints x, y = 0 of a linear
programming problem is called the feasible region (or solution region) for the problem. The region other than
the feasible region is called the infeasible region.

Points within and on the boundary of the feasible region represent the feasible solution of the constraints.

Any point in the feasible region which gives the optimal value (maximum or minimum) of the objective
function is called an optimal solution.

Any point outside the feasible region is called an infeasible solution.
A corner point of a feasible region is the intersection of two boundary lines.
A feasible region of a system of linear inequalities is said to be bounded if it can be enclosed within a circle.

Corner Point Theorem 1: Let R be the feasible region (convex polygon) for a linear programming problem
and let Z = ax + by be the objective function. When Z has an optimal value (maximum or minimum), where
the variables x and y are subject to constraints described by linear inequalities, the optimal value must occur
at a corner point (vertex) of the feasible region.

Corner Point Theorem 2: Let R be the feasible region for a linear programming problem and let Z = ax + by
be the objective function. If R is bounded, then the objective function Z has both a maximum and a minimum
value on R and each of these occurs at a corner point (vertex) of R.

If R is unbounded, then a maximum or a minimum value of the objective function may not exist.
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26.

27.
28.

29.

30.

31.

The graphical method for solving linear programming problems in two unknowns is as follows:
A. Graph the feasible region.
B. Compute the coordinates of the corner points.

C. Substitute the coordinates of the corner points into the objective function to see which gives the optimal
value.

D. When the feasible region is bounded, M and m are the maximum and minimum values of Z.

E. Ifthe feasible region is not bounded, then this method can be misleading. Optimal solutions always exist
when the feasible region is bounded but may or may not exist when the feasible region is unbounded.

i. M is the maximum value of Z if the open half plane determined by ax + by > M has no point in common
with the feasible region. Otherwise, Z has no maximum value.

ii. Similarly, m is the minimum value of Z if the open half plane determined by ax + by < m has no point in
common with the feasible region. Otherwise, Z has no minimum value.

Points within and on the boundary of the feasible region represent the feasible solutions of the constraints.

If two corner points of the feasible region are both optimal solutions of the same type, i.e., both produce the

same maximum or minimum for the function, then any point on the line segment joining these two points is

also an optimal solution of the same type.

Types of Linear Programming Problems

i.  Manufacturing problems: Problems dealing with the determination of the number of units of different
products to be produced and sold by a firm, when each product requires fixed manpower, machine hours
and labour hour per unit of product, in order to make maximum profit.

ii. Diet problems: Problems dealing with the determination of the amount of different kinds of nutrients
which should be included in a diet so as to minimise the cost of the desired diet such that it contains a
certain minimum amount of each constituent/nutrient.

iii. Transportation problems: Problems dealing with the determination of the transportation schedule for
the cheapest way to transport a product from plants/factories situated at different locations to different
markets.

Advantages of LPP

i.  The linear programming technique helps to make the best possible use of the available productive
resources (such as time, labour, machines etc.).

ii. Asignificant advantage of linear programming is highlighting of such bottle necks.

Disadvantages of LPP

i.  Linear programming is applicable only to problems where the constraint and objective functions are
linear, i.e., where they can be expressed as equations which represent straight lines.

ii. Factors such as uncertainty, weather conditions etc. are not taken into consideration.
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Theorem | : Let be the feasible region (convex
polygon) for a R L.P. and let be the objective
function. When has an Z = ax + by Z optimal

value (max. or min.), where the variables are
subject x,y to the constraints described by
linear inequalities, this optimal value must

occur at a corner point (vertex) of the feasible
region, Theorem 2: Let be the feasible region
for a L.P.P, and let R Z= ax + by be the

objective function. If is bounded then the O.F
has R Z both a max. and a min. value on and

A. L.P.P is one that is concerned with finding the

¢ optimal value (max. or min.) of a linear function of

: several variables (called objective function) subject

to the conditions that the variables are non-
negative and satisty a set of linear inequalities

(called linear constraints). Variables are sometimes

i called decision variables and are non-negative.

AR AR AR AR AR ASRRRRRE AR A AR

ey

unbounded, R then a max. or a min. may not

each of these occurs at a R corner point
(vertex) of . If the feasible region is

exist. If it exists, it must occur at a corner

(i)Find the feasible region of the L.P.P and
determine its corner points (vertices). (ii)
Evaluate the O.F. at each corner Z = ax+by point.
Let and be the largest and smallest values
respectively M m at these points. If the feasible
region is unbounded, and are M m the maximum
and minimum values of the O.F. If the feasible
region is unbounded , then (i) ' ' Is the max. value
of the O.F., if the open M half plane determined
by has no point in common with ax+by>M the
feasible region. Otherwise, the O.F. has no
maximum value. (ii) ' ' is the minimum value of
the O.F., if the open half plane m determined by
has no point in common with the feasible ax+by

point of R.
: (i) Diet problems :
i (ii) Manufacturing Problem :
Definition (iii) Transportation
: Problems :
Fundamental Theorems / "f
k_/} Linear
Programming Types of L.P.P
‘ Corner point method

Solution of L.P.P

The common region determined by all the
constraints including the non-negative constraint
of a L.P.P is called the feasible region (or solution
region) for the problem. Points within and on the
boundary of the feasible region represent feasible
solutions of the constraints. Any point outside the
feasible region is an infeasible solution. Any point
in the feasible region that gives the optimal value

(max. or min.) of the objective function is called
an optimal solution.
For Eg : Max Z = 250x + 75y, subject to the
Constraints: 5x +y < 100
X+ys<60
x2y0,y20isanL.P.P
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Important Questions
Multiple Choice Questions- 5. The corner points of the feasible region
1. The point which does not lie in the half plane 2x + determined by the system of linear constraints are
3y-12<0is (0, 10), (5, 5), (15, 15), (0, 20). Let Z = px + qy,
@ (1,2) where p, g> 0. Condition on p and q so that the
’ maximum of Z occurs at both the points (15, 15)
(b) (2, 1) and (0, 20) is Maximum of Z occurs at:
(@ (23) (@) (5,0)
(@ 3.2) () (6,5)
2. The corner points of the feasible region © (6,8)
determined by the following system of linear (d) (4, 10)
inequalities: e
2x+y=<10,x+3y<15xyz0are(0,0),(50),(3, VeryShort Questions:
4) and (0, 5). 1. Draw the graph of the following LPP:
Let Z = px + qy, where p, q > 0. Conditions on p and 5x+2y<10,x20y20.
q so that t.he maximum of Z occurs at both (3, 4) 2.  Solve the system of linear inequations: x + 2y < 10;
and (0, 5) is 2x+y <8,
(@)p=3q 3. Find the linear constraints for which the shaded
(b)p=2q area in the figure below is the solution set:
(Jp=q Y
(d) q = 3p. »
3. The corner points of the feasible region ‘\
determined by the system of linear constraints are
(0, 10), (5, 5), (15, 15), (0, 20). Let Z = px + qy, ”\
where p, q > 0. Condition on p and q so that the
maximum of Z occurs at both the points (15, 15)
and (0, 20) is <
(@Jp=4q
(b)p=2q
(c)q=2p _
(d) q = 3p. 4. A small firm manufactures neclaces and bracelet§.
The total number of neclaces and bracelets that it
4. The feasible solution for a LPP is shown in the can handle per day is at most 24. It takes one hour
following figure. Let Z = 3x “H Rt to make a bracelet and half an hour to make a
function. neclace. The maximum number of hours available
per day is 16. If the profit on a neclace is 3100 and
that on a bracelet is ¥300. Formulate an LPP for
finding how many of each should be produced
daily to maximize the profit?
It is being given that at least one of each must be
X’ produced.
5. 0ld hens can be bought for? 2.00 each and young

Minimum of Z occurs at:
(a) (0,0)

(b) (0,8)

(@) (5,0)

(d) (4,10).

ones at? 5.00 each. The old hens lay 3 eggs per
week and the young hens lay 5 eggs per week, each
egg being worth 30 paise. A hen costs X1.00 per
week to feed. A man has only X80 to spend for
hens. Formulate the problem for maximum profit
per week, assuming that he cannot house more
than 20 hens.
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Long Questions:

1.

Maximize Z-5x + 3y subject to the constraints:
3x+5y<15,5x+2y<10,x=0,y=0.

Minimize Z = 3x + 2y subject to the constraints:
x+y=28,3x+5y<15x20,y=20.

Determine graphically the minimum value of the
objective function:

Z=-50x+ 20y

subject to the constraints:
2x-y2-53x+y23,2x-3y<12,x,y20.

Hence, find the shortest distance between the
lines.

Minimize and Maximize Z = 5x + 2y subject to the
following constraints: x - 2y < 2, 3x + 2y < 12, -3x
+2y<3,x20,y20.

Assertion and Reason Questions:

1.

Two statements are given-one labelled Assertion

(A) and the other labelled Reason (R). Select the

correct answer to these questions from the

codes(a), (b), (c) and (d) as given below.

a) Both A and R are true and R is the correct
explanation of A.

b) Both A and R are true but R is not the correct
explanation of A.

c) Aistrue butRis false.
d) Aisfalse and R is true.
e) Both A and R are false.

Consider the graph of 2x+3y<12, 3x+2y<12, x=0,
y=20.

=12

Assertion(A): (5, 1) is an infeasible solution of the
problem.

Reason (R): Any point inside the feasible region is
called an infeasible solution.

Two statements are given-one labelled Assertion
(A) and the other labelled Reason (R). Select the
correct answer to these questions from the
codes(a), (b), (c) and (d) as given below.

a) Both A and R are true and R is the correct
explanation of A.

b) Both A and R are true but R is not the correct
explanation of A.

c) Aistrue butRis false.

d) Ais false and R is true.

e) Both A andR are false.

Consider the graph of constraints
5x+y<100,x+y<60,x,y20

Assertion (A): The points (10, 50), (0, 60) and
(20, 0) are feasible solutions.

Reason(R): Points within and on the boundary of
the feasible region represents infeasible solutions.

Case Study Questions:

1.

Suppose a dealer in rural area wishes to purpose a
number of sewing machines. He has only X 5760 to
invest and has space for at most 20 items for
storage. An electronic sewing machine costs him
X360 and a manually operated sewing machine
240. He can sell an electronic sewing machine at a
profit of X 22 and a manually operated sewing
machine at a profit of X 18.

Based on the above information, answer the

following questions.

(i) Letxandy denotes the number of electronic
sewing machines and manually operated
sewing machines purchased by the dealer. If
itis assume that the dealer purchased atleast
one of the the given machines, then:

a. X+y=20
b. X+y<0
c. X+y>0
d X+y<0

(ii) Let the constraints in the given problem is
represented by the following inequalities.

x+y<20
360x +240y <5760
x,y=>0
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(iii)

(iv)

Then which of the following point lie in its
feasible region.

a.  (0,24)
b. (8,12)
c. (20,2

d. None of these

If the objective function of the given problem
is maximise z = 22x + 18y, then its optimal
value occur at:

a. (0,0)

b. (16,0)
c. (812
d.  (0,20)

Suppose the following shaded region APDO,
represent the feasible region corresponding
to mathematical formulation of given
problem.

Then which of the following represent the

™)

coordinates of one of its corner points
Ya

\
N

(0]
a. (0,24
b. (12,8)
c. (812)
d. (6 14)

If an LPP admits optimal solution at two
consecutive vertices of a feasible region,
then:

a. The required optimal solution is at the
midpoint of the tine joining two points.

b. The optimal solution occurs at every
point on the tine joining these two
points.

c. The LPP under consideration is not
solvable.

d. The LPP under consideration must be
reconstructed.

Corner points of the feasible region for an LPP are
(0, 3), (5, 0), (6, 8), (0, 8). Let Z = 4x - 6y be the
objective function.

Based on the above information, answer the
following questions.

@

(i)

(iii)

(iv)

™)

The minimum value of Z occurs at:

a. (6,8)
b. (5,0)
c. (0,3)
d. (0,8)
Maximum value of Z occurs at:
a. (50
b. (0,8)
c¢. (0,3)
d. (6,8)
Maximum of Z - Minimum of Z =
a. 58
b. 68
c. 78
d. 88
The corner points of the feasible region
determined by the system of linear
inequalities are:
X3
A
7__
%:‘ Alnl
5
N
. C(2,|3) >
D(0, 3) o2
SO (3,2)
14
P A(3,0) .y
EERERENEAS
v v

2
a. (0,0),(-3,0),(3,2).(2,3)
b. (3,0),(3 2), (2 3),(0,-3)
c. (0,0),(3,0),(32)(23)(0,3)
d. None of these
The feasible solution of LPP belongs to:
a. Firstand second quadrant.
b.  First and third quadrant.
c. Only second quadrant.

d.  Only first quadrant.
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Answer Key

Multiple Choice questions-

Answer: (c) (2, 3)

2. Answer: (d) q =3p.
3. Answer: (d) q=3p.
4. Answer: (b) (0, 8)
5. Answer: (a) (5,0)
Very Short Answer:
1. Solution:
Draw the line AB: 5.v + 2y = 10 ...(1),
which meets x-axis at A (2, 0) and y-axis at B (0,5).
Also, x = 0 is y-axis and y = 0 is x-axis.
Hence, the graph of the given LPP is as shown
(shaded):
=0
X' A(Q‘b‘;) X
¥
v
2.  Solution:
Draw the st. lines x + 2y = 10 and 2x + y = 8.
These lines meet at E (2,4).
Hence, the solution of the given linear inequations
is shown as shaded in the following figure:
Y
\IL
e
.58
. *A(lﬁ, 0
3. Solution:
From the above shaded portion, the linear
constraints are :
2x+y22x-y<1,
x+2y<8,x20,y20.
4. Solution:

Let X’ neclaces and ‘y’ bracelets be manufactured
per day.

Then LPP problem is:

Maximize Z = 100x+300y

Subject to the constraints : X +y < 24,
(1) () +5y <16,

ie 2x+y<32

andx =1

andy =1

ile.x-120

andy-120.

Solution:

Let X’ be the number of old hens and ‘y’ the
number of young hens.

Profit = (3x + 5y) ==~ (x +y) (1)

_9x+3 o
S0 TZYXTY

y x _ 5y-x

2 10 10
~ LPP problem is:

Maximize Z = 53;_;;: subject to:
x=0,

y20,

x+y <20 and

2x + 5y < 80.

Long Answer:

1.

Solution:

The system of constraints is :

3x+ 5y <15 ..(1)
5x+2y <10 .(2)
andx=>0,y=20 -(3)

The shaded region in the following figure is the
feasible region determined by the system of
constraints (1) - (3):

0.3)B

8
3y
m

It is observed that the feasible region OCEB is
bounded. Thus we use Corner Point Method to
determine the maximum value of Z, where:
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Z=5x+ 3y ...(4)

The co-ordinates of O, C, E and B are (0, 0), (2,0),
(2 E) (Solving 3x + 5y = 15 and 5x + 2y - 10) and

19”19
(0, 3) respectively.

We evaluate Z at each comer point:

Corner Point Corresponding Value
of Z
0: (0,0) 0
C:(2,0) 10
20 45
El| —, — 20 (Maximum)
19 19 19
B (0,3) 9

Hence Z _,, =at the Point E 45
19 19

Solution:

The system of constraints is :
x+y28,,x20,y20..(1)
3x+5y<15..(2)
andx20,y20..(3)

Y

{0,3) D
B

s o
EHCN \i(& 5 X

[tis observed that there is no point, which satisfies

L :
X€5 05

¥
Y.

all (1) - (3) simultaneously.

Thus there is no feasible region.
Hence, there is no feasible solution.
Solution:

The system of constraints is :
2x-yz2-5..(1)

3x+y=3..(2)

2x-3y<12..(3)

and x,y 20 ...(4)

The shaded region in the following figure is the
feasible region determined by the system of
constraints (1) - (4).

X'

t is observed that the feasible region is
unbounded.

We evaluate Z = - 50x + 20y at the corner points:
A(1,0),B(6,0),C(0,5)and D (0, 3):

. Corresponding Value
Corner Point
of Z
A: (1,0) -50
B: (6, 0) -300 (Minimum)
C:(0,5) 100
D: (0, 3) 60

From the table, we observe that - 300 is the
minimum value of Z.

But the feasible region is unbounded.

~ — 300 may or may not be the minimum value of
]

For this, we draw the graph of the inequality.
-50x + 20y < - 300

i.e. - 5x + 2y < - 30.

Since the remaining half-plane has common points
with the feasible region,

~ Z =-50x + 20y has no minimum value.
Solution:

The given system of constraints is:
x-2y<2..(1)

3x+2y<12..(2)

-3x+2y<3..(3)

andx=>0,y=0.

Y

&
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The shaded region in the above figure is the
feasible region determined by the system of
constraints (1) - (4). It is observed that the
feasible region OAHGF is bounded. Thus we use
Corner Point Method to determine the maximum
and minimum value of Z, where

Z=5x+2y..(5)

The co-ordinates of O, A, H, Gand F are :

0.0 20, (Y ana (2.2
respectively. [Solving x

2y =2 and 3x + 2y = 12 for
Hand -3x + 2y = 3 and

3x+ 2y =12 for G]

We evaluate Z at each corner point:

. Corresponding Value
Corner Point
of Z
0: (0, 0) 0 (Minimum)
A: (2,0) 10
H 73 19 (Maxi
24 (Maximum)
315
G|l=,—
2% is

Hence 7., =19at [% %] andZ _, =0at(0,0)

Case Study Answers:

Answer :
@A) (o) x+y>0
(i) (b) (8,12)
Solution:
Since (8, 12) satisfy all the inequalities,
therefore (8, 12) is the point in its feasible
region.
(iii) (<) (8,12)
Solution:
At (0,0),z=0
At (16,0),z =352
At (8,12),z=392
At (0, 20),z =360
It can be observed that max z occur at (8, 12).
Thus, z will attain its optimal value at (8, 12).

(iv) () (8 12)
Solution:
We have, x +y = 20 (i)
And 3x + 2y =48 (ii)
On solving (i) and (ii), we get
x=8,y=12.
Thus, the coordinates of Pare (8, 12) and
hence (8, 12) is one of its corner points.

(v) (b) The optimal solution occurs at every
point on the tine joining these two points.

Solution:
The optimal solution occurs at every point on
the line joining these two points.
Answer : Construct the following table of values of
objective function:

Corner Points Value of Z = 4x - 6y
(0,3) 4x0-6x3=-18
(5,0) 4x5-6x0=20
(6,8) 4%x6-6x8=-24
(0,8) 4x0-6x8=-48

H (d(0,8)
Solution:
Minimum value of Z is -48 which occurs at (0,
8).

() (a) (5, 0)
Solution:
Maximum value of Z is 20, which occurs at (5,
0).

(iii) (b) 68
Solution:
Maximum of Z - Minimum of Z = 20 - (-48) =
20+48=68

(iv) (c)(0,0),(3,0),(3,2),(2,3),(0,3)
Solution:
The comer points of the feasible region are
0(0, 0), A(3,0), B(3, 2),C(2, 3), D(0, 3).

(v) (d) Only first quadrant.

Assertion and Reason Answers:

c) Aistrue but Ris false.
c) Aistrue but R is false.

*
*

A X X4

L)
L)
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Probability ‘ 13

10.

11.

12.

13.

14.

15.

16.

Probability is a quantitative measure of certainty.

In the experimental approach to probability, we find the probability of the occurrence of an event by
actually performing the experiment a number of times and adequate recording of the happening of event.

In the theoretical approach to probability, we try to predict what will happen without actually performing
the experiment.

The experimental probability of an event approaches to its theoretical probability if the number of trials of
an experiment is very large.

An outcome is a result of a single trial of an experiment.
The word 'experiment’ means an operation which can produce some well-defined outcome(s).
There are two types of experiments:

i. Deterministic experiments: Experiments which when repeated under identical conditions produce
the same results or outcomes are called deterministic experiments.

ii. Random or Probabilistic experiment: If an experiment, when repeated under identical conditions, do
not produce the same outcome every time but the outcome in a trial is one of the several possible
outcomes, then it is known as a random or probabilistic experiment.

In this chapter, the term experiment will stand for random experiment.
The collection of all possible outcomes is called the sample space.
An outcome of a random experiment is called an elementary event.
An event associated to a random experiment is a compound event if it is obtained by combining two or more
elementary events associated to the random experiment.
An event A associated to a random experiment is said to occur if any one of the elementary events associated
to the event A is an outcome.
An elementary event is said to be favourable to a compound event A, if it satisfies the definition of the
compound event A. In other words, an elementary event E is favourable to a compound event 4, if we say that
the event A occurs when E is an outcome of a trial.
In an experiment, if two or more events have equal chances to occur or have equal probabilities, then they
are called equally likely events.
The theoretical probability (also called classical probability) of an event E, written as P (E), is defined
as.
Number of outcomesfavourable to E
Number of all possible outcomes of the experiment

For two events A and B of an experiment:
If P(A) > P(B) then event A is more likely to occur than event B.
If P(A) = P(B) then events A and B are equally likely to occur.

An event is said to be sure event if it always occur whenever the experiment is performed. The probability of
sure event is always one. In case of sure event elements are same as the sample space.

An event is said to be impossible event if it never occur whenever the experiment is performed. The
probability of an impossible event is always zero. Also, the number of favourable outcome is zero for an
impossible event.
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17.
18.

19.
20.
21.

22.

Probability of an event lies between 0 and 1, both inclusive, i.e., 0 < P (A) <1

If E is an event in a random experiment, then the event 'not E’ (denoted by E ) is called the complementary
event corresponding to E.

The sum of the probabilities of all elementary events of an experiment is 1.

ForaneventE, P(E) =1 - P(E), where the event E representing 'not E” is the complement of event E.

Suits of Playing Card

A pack of playing cards consist of 52 cards which are divided into 4 suits of 13 cards each. Each suit consists

of one ace, one king, one queen, one jack and 9 other cards numbered from 2 to 10. Four suits are named as
spades, hearts, diamonds and clubs.

Heart Spades Diamond Club

Face Cards
King, queen and jack are face cards.

23. The formula for finding the geometric probability of an event is given by:

Mearure of the specified part of the region

P(E)= :
Measure of the whole region

Here, ‘measure’ may denote length, area or volume of the region or space.
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'l'he probability of the event E is called the conditional probability of :

---------------------------------------

{@) 0<P(EIF)<1, P(EVF)=1-P(EIF)
(H)P((EUF)/ G)=P(E/G)+P(FIG)-P((EnF)! G)
(m) P(EnF)=P(E)P(F/E),P(E)#0
(iv) P(EnF)= P(F)P(E/ F),P(F)a 0

§Foreg ifP(A)=l 3 P(B)nl 3 and P(Ans)a—

g e s E given that F has already occurred, and is denoted by P(E/F). Also, :
i Real valued function whose p(E/F)=P(E_ﬁF),p(F)¢ 0. :
:domain is the sample space of - : P(F) :
E a I'Indom expel'lll'lel‘lt § ............................................................................................

Let x be a R.V. whose possible values x, x,, . .. ., x,
¢ occurs with probabilities p(x), p(x,), . ..., p(x,)
respectively. Let, u =E(x) be the mean of x. The

! variance of x, var (x) or o’ =§':(x, -n)p(x, JorE(x—p *
; - 3
i The non-negative number :

P bx=(ar(x)= J 2(5 =) P(x) is called the

! standard deviation of the R.V. X', Also,

P ovar(x)=E(x*)-[E (x)]zFor eg:E(x) =3 and

{ E(¥) = 10, then var x= 10-9 = 1and SD=+1 =1.

AR

Elarlance and standard

Conditional
probability

Probability

deviation

Trials of a random experiment are called Bernoulli trials,

if the following conditions: | Bayes'Theorem | ,......oocciiien Mo s
(i)mxldbenﬂnnem of trials. Let, {E,E, ...E} bea parﬁuon

: : ‘ ofa sample space 'S' and suppose
(ii)The trials should be independent.

that each of Ej, E,. ...E, has }
non-zem probability. Let 'A’ be:
any event associated with S, then
P(A) =P(E )P(A|I-.‘) + P(E,)
P(AlE) + ...+ P(E) P(AlE)

-------------------------------- srrennnend

(iii)Each trial has exactly two outcomes: success or failure.

(iv)The probability of success remains the same in each trial.
:ormm;mial distribution,B (1, p), P(X =x)=("C,¢" p*,x=0,1,...,n)
q=1-p

IfE, E, . ..., E,are events which constitute a
partition of sample space S, i.e., E, E,, ...E, are :
pair wise dis joint and £, UE, U...UE, =S

and A be any event with non-zero probability,
P(E)P(A|E)

n

5 r(e ()

i then P(E, | A)
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Important Questions

Multiple Choice questions-

1.

IfP(A) =, P(B) = 0, then P (A/B) is
(@o

(b) 5

(c) not defined

(d) 1.

If A and B are events such that P (A/B) = P(B/A),
then

(aQJAcBbutA#B

(b)A=B

(JANB=g

(d)P(A)=P (B).

The probability of obtaining an even prime
number on each die when a pair of dice is rolled is

(@o
1
3
1
A5
1
(d) 5
Two events A and B are said to be independent if:
(a) A and B are mutually exclusive
(b) P (A'BY) = [1-P(A)] [1 - P(B)]
(c)P(A)=P(B)
(d)P(A)+P(B)=1.
Probability that A speaks truth is g. A coin is

tossed. A reports that a head appears. The
probability that actually there was head is:

(@)3
(b) 5
)z
(d)2

If A and B are two events such that A € B and P (B)
# 0, then which of the following is correct

_p®B
(@P(A/B)=278

(b) P (A/B) <P (A)
(c)P(A/B)=P(A)
(d) None of these.

10.

1.

If A and B are two events such that P (A) # 0 and P
(B/A) =1, then

(a)AcB

(b)BcA

(c)B=g

(dA=¢

If P (A/B) > P (A), then which of the following is
correct?

(@) P (B/A) <P (B)

(b)P(ANnB) <P (A).P(B)
(c)P(B/A)>P (B)

(d) P (B/A) =P (B).

If A and B are any two events such that
P (A) + P (B) - P (A and B) = P (A), then:
(@ P(B/A)=1

(b)P(A/B)=1

(P (B/A)=0

(dP(A/B)=0

Suppose that two cards are drawn at random from

a deck of cards. Let X be the number of aces
obtained. What is the value of E (X)?

(a)
O
()=

=

Very Short Questions:

If A and B are two independent event, prove that
A’ and B are also independent.

One card is drawn from a pack of 52 cards so that
each card is equally likely to be se-lected. Prove
that the following cases are in-dependent:

e  A:“The card drawn is a spade”

B: “The card drawn is an ace.”
e  A:“The card drawn is black”

B: “The card drawn is a king.”
A pair of coins is tossed once. Find the probability
of showing at least one head.
P(A) = 0.6, P(B) = 0. 5 and P(A/B) = 0.3, then find
P(AU B)
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5.

One bag contains 3 red and 5 black balls. Another
bag contains 6 red and 4 black balls. A ball is
transferred from first bag to the second bag and
then a ball is drawn from the second bag. Find the
probability that the ball drawn is red.

Evaluate P(A U B), if 2P(A) = P(B) = — and P(A/B)

_2

5

Short Questions:

1.

Given that A and B are two independent events
such that P(A) = 0.3 and P(B) = 0.5. Find P(A/B).

Abag contains 3 white and 2 red balls, another bag
contains 4 white and 3 red balls. One ball is drawn
at random from each bag.

Find the probability that the balls drawn are one
white and one red.

The probabilities of A, B and C solving a problem
independently are i, g and % respectively. If all the
three try to solve the problem independently, find
the probability that the problem is solved.

A die marked 1, 2, 3 in red and 4, 5, 6 in green is
tossed. Let A be the event “number is even” and B
Find
whether the events A and B are independent or

be the event “number is marked red”.

not.
A die is thrown 6 times. If “getting an odd number”
is a success, what is the probability of (i) 5

successes (ii) at most 5 successes?

The random variable ‘X’ has a probability
distribution P(X) of the following form, where kK’

is some number:
k,if x=0
2k, if x=1
3k,if x=2
0, otherwise

P(X=x)=

Determine the value of ‘P.

Out of 8 outstanding students of a school, in which
there are 3 boys and 5 girls, a team of 4 students is
to be selected for a quiz competition. Find the
probability that 2 boy and 2 girls are selected.

12 cards numbered 1 to 12 (one number on one
card), are placed in a box and mixed up
thoroughly. Then a card is drawn at random from
the box. If it is known that the number on the
drawn card is greater than 5, find the probability
that the card bears an odd number.

Long Questions:

1.

A black and a red die are rolled together. Find the
conditional probability of obtaining the sum 8,
given that the red die resulted in a number less
than 4.

Two numbers are selected at random (with-out
replacement) from the first five positive integers.
Let X denote the larger of the two numbers
obtained. Find the mean and variance of X.

The probabilities of two students A and B coming
to the school in time are % and ; respectively.

Assuming that the events, ‘A coming in time’ and
‘B coming in time’ are independent, find the
probability of only one of them coming to the
school in time.

A speaks truth in 80% cases and B speaks truth in
90% cases. In what percentage of cases are they
likely to agree with each other in stating the same
fact?

Case Study Questions:

1.

In an office three employees Vinay, Sonia and Igbal
process incoming copies of a certain form. Vinay
process 50% of the forms, Sonia processes 20%
and Igbal the remaining 30% of the forms. Vinay
has an error rate of 0.06, Sonia has an error rate of
0.04 and Igbal has an error rate of 0.03.

S e—

Based on the above information, answer the

following questions.

(i) The conditional probability that an error is
committed in processing given that Sonia
processed the form is:

a. 0.0210
b. 0.04
c. 047
d. 0.06

(ii) The probability that Sonia processed the
form and committed an error is:

a. 0.005
b. 0.006
c. 0.008
d. 0.68
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(iii) The total probability of committing an error
in processing the form is:

a. 0
b. 0.047
c. 0.234
d 1

(iv) The manager of the company wants to do a
quality check. During inspection he selects a
form at random from the days output of
processed forms. If the form selected at
random has an error, the probability that the
form is NOT processed by Vinay is:

a. 1
p, 30
47
20
C. —
47
4 14
47

(v) Let A be the event of committing an error in
processing the form and let Ei1, Ez and E3 be
the events thatVinay, Sonia and Igbal
processed the form. The value of

3
D P(E; | A) is:
i=1

a. 0
b. 0.03
c. 0.06
d 1

Between students of class XII of two schools A and
B basketball match is organised. For which, a team
from each school is chosen, say T1 be the team of
school A and T2 be the team of school B. These
teams have to play two games against each other.
[t is assumed that the outcomes of the two games
are independent. The probability of T: winning,

rawmg an osrng a game against T:are § 13—0
and é respectively.

Each team gets 2 points for a win, 1 point for a
draw and 0 point for a loss in a game.

Let X and Y denote the total points scored by team
A and B respectively, after two games.

Based on the above information, answer the
following questions.

i.  P(T, winning a match against T,) is equal to:

C.

o
Wl O~k Ul

d. None of these

ii.  P(T,winning a match against T,) is equal to:

1
a. =
2
b <
3
1
c. =
6
o =
10
iii. P(X>Y)isequalto:
1
a. =
4
i
12
1
c. —
20
) =
20
iv. P(X=Y)isequal to:
1
100
b I
3
29
100
d =
2
v. PX+Y=8)isequalto:
a. 0
b >
12
c. —
36
o
12

& www.stepupacademy.ind.in

© @stepupacademyindia

€) @stepupacademyindia [E) @stepupacademy_



@ Step Up Academy

| 165

Answer Key

Multiple Choice Questions-
Answer: (c) not defined
Answer: (d) P (A) =P (B).
Answer: (d) %

Answer: (b) P (A’'B) =[1-P(A)] [1-P(B)]
Answer: (a) g

Answer: (c) P (A/B) =P (A)
Answer: (a)AcB

Answer: (c) P (B/A) > P (B)
Answer: (b) P (A/B)=1
Answer: (d) 12—3

© ® N o 1ok w e

—_
1

Very Short Answer:
1. Solution:
Since A and B are independent events, [Given]
~P(AnB)=P(A).P(B) ..(1)
Now P(A'nB)=P (B)-P (AN B)
=P(B) - P (A) P(n B) [Using (1)]
= (1-P(A)) P(B) = P(A") P(B).
Hence, A’ and B are independent events.

2. Solution:

(@) P(A) =5, =3 P(B)= 5=
P(ANB) = =1 === p(A).p(B)

Hence, the events A and B are independent
1

(b) P(A)=§:§.P(B):i=—

13

—=_.2=P(A).P(B)

P(AnB) ___26 2 13

52
Hence, the events A and B are independent

3. Solution:
S, Sample space = {HH, HT, TH, TT}
where H = Head and T = Tail.
~ P (atleast one head) = %.

4, Solution:

We have: P(A/B) =0.3
P(ANB)
P(B)
P(ANB)
0.5

P(ANB)=0.5x0.3=0.15.

Now, P(AUB) = P(A) + P(B) - P(AN B)
=0.6+05-0.15

Hence, P (AUB)=1.1-0.15=0.95.

=03

=03

Solution:

P (Red transferred and red drawn or black
transferred red drawn)

3 7 5 6

=—X— i
8 11 8 11
21,30 51
88 88 88
Solution:
P(ANB) P(AmB):i
P(B) 11
P(AUB) =P(A) + P(B) - (AN B)
5.5 2 1
26 13 13 26

P(A/B)=

Short Answer:

Solution:

We have:

P(A)= 0.3 and P(B) = 0.5.

Now P (A n B) = P(A). P(B)

[“A and B are independent events]

=(0.3) (0.5) = 0.15.

Hence, P(A/B)= M = 0—15 =0.3
P(B) 0.5

Solution:

Reqd. probability

= P (White, Red) + P (Red, White)

3324 9 8 17

57757773535 35

Solution:
1 1 1
Given: P(A)==,P(B)==and P(C)==
(4)=7, P(B)=Zand P(C) =,

-~ P(A)= 1—%:1 P(B)= 1—§:§andP(C) 1-

=
B w

Probability that the problem is solved
= Probability that the problem is solved by at least
one person

=1-P(A) P(B) P(C)

Solution:
Here, A: number is even i.e.,
A={2,4,6}

and B: numberis red i.e.,
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B={1,2,3} Long Answer:
P(A):§:1and P(B):§:1 1. Solution:
6 2 6 2 Let the events be as:
and, E: Sum of numbers is 8
P (A N B) = P(Number is even and red) = 1 F: Number of red dice less than 4.

Py

E: {(2,6),(3,5), (4,4), (5, 3),(6,2)}

Thus, P (A N B) # P(A). P(B) F={(1,1),(2 1), ..(6,1), (1,2), (2 2), (6 2), (1,
3), (2, 3), ... (6,2) (6,3)}

[ 1.1 1}
n'. J— ¢ — X —_—
6 2 2 and ENF={(5, 3), (6 2)}
Hence, the events A and B are not independent. P(E) = i' P(F)= 18
5. Solution: 36 36

Probability of getting an odd number is one 3 1 and P(EAF)= %

3 1
trail=—===p(sa
c=> p(say)

Hence, P(E /F)= PIEQF)_2/36 _ 2 1
Probability of getting an even number in one 3 P(F) 18/36 18 9
2. Solution:

. 3 1
trail = 6 2 g(say) 0| The first five positive integers are 1, 2, 3, 4 and 5.

Also, n = 6. We select two positive numbers in 5 x 4 = 20 way.

(i) P (5 successes) = P(5) = 6Cs q! p5
(ii) P (at most 5 successes)
=P (0)+P(1) +..+P(5)=1-P(6)

Out of three, two numbers are selected at ran-
dom.

Let X’ denote the larger of the two numbers.
Xcanbe 2, 3,4 or5.

=1-°Ce q° p® ~ P (X =2) =P (Larger number is 2)
2
:1_i:§ {(1' 2)' (2,1)}=5
64 64 4
Similarly, P (X=3) =—,
Solution: 20

Wehave: P (X=0)+P(X=1)+P(X=2)=1
=>k+2k+3k=1

6
P(X=4)=—

and P (X=5) =

=>6k=1 Hence, the probability distribution is:
1 X 2 3 4 5
Hence, k==
6 P(X) 1/10 2/10 3/10 4/10
Solution: X.P(X) | 2/10 6/10 12/10 | 20/10
3¢, x°C, X*P(X) | 4/10 18/10 | 48/10 | 100/10

Read, probability = 28
Cy

~.Mean=> X P(X)

_3x10_3
07 :2x£+3xi+4x£+5x§
Solution: 20 20 20 20

Let the events be as :

=—=4
A: Card bears an odd number. 20 20
. . 2 2

B: Number on the card is greater than 5. and variance ZX P(x)—[ZP(x)]
AnB={7,9,11}.

P(ANB) :%—(1)2:17—1:16.
Hence, P(A/B)=———

P(B) 3. Solution:
3/12 3 We have: P(A) = Probability of student A coming

_7/12_; to school in time=§

4412424440 80
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P(B) = Probability of student B coming to school in

. 5
time = -
7

3 3_4 = 5 2
S P(A)=1-2=ZandP(B)=1-2==
(A)=1--=_and P(B)=1-_=—

-~ Probability that only one of the students coming
to school in time

=P(ANB)+P(ANB)
=P(A) P(B)+P(B) PB

[~ Aand B are independent => A and Band Aand

B are also independent]

GBI

Solution:
P(A):ﬂ:éandp(B):ﬂ:i
100 5 100 10

— 4 1
P(A)=1-P(A)=1-—==

(4) (4) -

— 9 1
P(A)=1-P(A)=1-—=—

(4) (4) TRl

=~ P(Agree) = P(Both speak the truth or both tell a
lie)

=P(ABor A E)

= P(A) P(B) or P(A) P(B)

(A2 (L)L
5)\10 5/)\10
36,1 37 74
50 50 50 100
Hence, the reqd. percentage = 74%.

Case Study Answers:

1.

Answer : Let A be the event of committing an
error and E1, Ez and E3 be the events that Vinay,

Sonia and Igbal processed the form.
(i) (b)o0.04
Solution:
Required probability = P(A|E2)\
_P(ANE,)
 P(E)

(0.04><20

:—100j=0.04

i)

2.

(ii) (c)0.008
Solution:
Required probability = P(A N E2)
0.04x£ =0.008
100

(iii) (b) 0.047

Solution:

Total probability is given by

P(A) = P(E1) x P(A|E1) + P(Ez) x P(A|Ez2) +
P(E3) x P(A|E3).

:ﬂx0.06+£x0.04+%x0.03 =0.047

100 100
(d) 17471747
Solution:

(iv)

Using Bayes' theorem, we have

R P(E,)x P(A|E,)

P(E,)x P(A|E,)+ P(E;)x P(A| E;)+ P(E3)x P(A| E;)

_ 0.5x0.06 _30
0.5x0.06+0.2x0.04+0.3x0.03 47
..Required probability = P(E | A)
30 17

—1-P(E, |A)=1-"2==L
(£, 14) 47 47

v @1

Solution:

3

> P(E;| A)=P(E, | A)+P(E, | A)+ P(E; | A)=1
=1

[+ Sum of posterior probabilities is 1]

Answer :
! 1
O @3
Solution:
Clearly, P(T2 winning a match against T1)
= P(T1losing) =%
. 3
@ @
Solution:
Clearly, P(T2 drawing a match against T1)
= P(T1 drawing) = 13—0
11
(d) 2,

Solution:

(iii)

According to given information, we have the
following possibilities for the values of X and
Y.

X 4 3 2 1
Y 0 1 2 3 4
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Now, PX>Y)=P(X=4,Y=0)+PX=3,Y= 1111 3 3
=X =X —X—

1) 25 55 10 10

= P(T1 win) P(T1win) + P(T1win) P(match 1 1 9 29

draw) + P(match draw) P(T1 win) =70 " 10 100 " 100

21113 3 1 5+43+3 11 V) (a)0

22 2 10 10 2 20 20 .
Solution:
. 29
(iv) (9 Too From the given information, it is clear that

Solution: maximum sum of X and Y can be 4, therefore

PX+Y=8)=0.

PX=Y)=P(X=2,Y=2)
= P(T1 win) P(T2 win) + P(Tz win) P(T1 win)
+ P(match draw) P(match draw)
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